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Dansk resumé

Nearvaerende speciale er en gennemgang af en K-teoretisk klassificering af
en klasse af C*-algebraer, de sakaldte AD algebraer. AD algebraerne er
netop de C*-algebraer som fas som teellelige direkte limites af endelige direkte
summer af matrixalgebraer over cirkelalgebraen og dimensionfaldsalgebraer.
Det vises ved et eksempel at klassisk K-teori bestdende af de ordnede K-
grupper ikke er en fuldstendig invariant for klassen af reel rang nul AD
algebraer. Hovedresultatet i specialet er Sgren Eilers’ bevis for at en udvidet
invariant, neermere bestemt klassisk K-teori sammen med den ordnede Ky-
gruppe med koefficienter i Z/n og de to naturlige transformationer, er en
steerkt fuldstaendig invariant for klassen af reel rang nul AD algebraer hvor
torsionen i Kj-gruppen annihileres af n. Et billedresultat for invarianten
inddrages og bruges til at vise at invarianten kan reduceres til klassisk K-
teori nar man restringerer til simple C*-algebraer.

Abstract in English

In this thesis we give a thorough description of a K-theoretical classification
of a class of C*-algebras called the AD algebras. The class of AD algebras
consists of the countable inductive limits of finite direct sums of matrix alge-
bras over the circle algebra and the dimension drop algebras. By an example
it is shown that classical K-theory, consisting of the ordered K-groups, is not
a complete invariant for the class of real rank zero AD algebras. The main
result is the proof by Sgren Eilers that the invariant consisting of classical K-
theory with the ordered Ko-group with coefficients in Z/n and its associated
natural transformations augmented, is a strongly complete invariant for the
class of real rank zero AD algebras for which n annihilates the torsion in the
Ki-group. By a recently established range result for the invariant, we prove
that when restricting to simple C*-algebras one may reduce the invariant to
classical K-theory.
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0 Prologue

The main purpose of this thesis has been to give a thorough description of a solution to
a small part of the wide problem of classifying C*-algebras by K-theoretical invariants,
namely the solution presented in [Eil95].

0.1 Concerning classification

A common approach to the problem is to consider but a small class of C*-algebras and
examine whether a given K-theoretical invariant suffices. As part of the examination
of an invariant F', one may determine the range of the invariant, i.e. determine which
objects F'(A) that appear when A runs through the whole class, and one may determine
whether the invariant can be reduced, i.e. whether the invariant is still complete when
one omits certain parts of it.

An invariant F' is called (weakly) complete if F(A) = F(B) implies A = B for all C*-
algebras A and B in the given class. If furthermore any isomorphism ¢: F(A) — F(B)
can be lifted to an isomorphism a: A — B (such that F(«) = @), then the invariant is
called strongly complete.

The perhaps most strong and simply formulated classification result was proven by
E. Kirchberg and N. C. Phillips independently around 1994. It states that the group
K, (—) is a strongly complete invariant for the class of purely infinite, separable, nuclear
C*-algebras for which the UCT holds. Most classification results, however, concern only
certain inductive limit classes, i.e. classes of countable inductive limits of small collections
of C*-algebras.

A classical result proven by G. Elliott in 1976, [ElL76], is that the invariant consisting
of the group Ko(—) together with its positive cone Ko(—)" and the scale X(—) C Ko(—)*
is a strongly complete invariant for the class of AF algebras.

The class of AF algebras consists of the countable inductive limits of finite direct sums
of matrix algebras. And during the last thirty years, the agenda has been to expand to
larger inductive limit classes and see whether the invariant sufficies, and how to expand
it when is does not suffice.

Now, the AF algebras, as well as the simple purely infite C*-algebras, have real rank
zero. A condition one usually has to demand of one’s C*-algebras to achieve a K-
theoretical classification result. Real rank zero guaranties the existence of many pro-
jections and therefore lots of information in the Kg-group. However, in the case, for
example, of a simple inductive limit of homogeneous C*-algebras, real rank zero will
force the connecting maps of the system to approximately act as the maps in a system
of finite direct sums of matrix algebras. This illustrates how harsh a demand real rank
zero is, and it somewhat explains why one is more capable of classifying real rank zero
C*-algebras.



0.2 The structure of the thesis

In this thesis we consider a slightly larger inductive limit class than the AF' algebras,
namely the class of AD algebras which consists of the countable inductive limits of finite
direct sums of matrix algebras over the circle algebra and the dimension drop algebras. A
class that still seems fairly small but has proven to contain lots of interesting C*-algebras,
including the irrational rotation algebras, cf. [EE93].

As we will see, the above invariant, even with the group K;(—) and the positive cone
K.(—)" added, is not complete for the class of AD algebras.

Hence K-theory with coefficients in Z/n is introduced, and this expanded invariant
turns out to be strongly complete for the class of real rank zero AD algebras where
tor Kj(—) is annihilated by n. Via the range result for the invariant that was established
in [ET], one sees that the invariant may be reduced to ordinary ordered K-theory when
one considers, for example, only simple AD algebras.

Before all this is done, however, we first introduce inductive limits of both C*-algebras
and abelian groups — to be able to properly define the C*-algebras in question — and then
introduce K- and KK-theory — to be able to properly define the invariant in question.

0.3 As for the notation

As for the notation, we write SA = Cy((0,1), A) for the suspension of a C*-algebra A,
— ® — denotes the minimal tensor product of C*-algebras, and A™ denotes the minimal
unitization of a C*-algebra A. Also, we denote the n x n matrices over C by M,, and
the n X n unit-matrix by 1,.

By an ideal in a C*-algebra we always mean a two-sided, closed ideal. For any unital
C*-algebra A we denote the unit in A by 1, and by n: C — A we denote the canonical
embedding z +— x1. In all other cases embeddings whose definition seem obvious, will
be denoted by ¢.

We will be dealing a lot with finite abelian groups and will therefore be doing some
integer calculations: by (n, k) we denote the greatest common divisor of the integers n
and k, and we write n | k when n divides k.

0.4 Thank you for the music

The thesis was completed when I visited the Fields Institute in Toronto, so thanks are due
to the Fields Institute for their hospitality and to Niels Bohr Fondet for their financial
support of my visit. Finally, I would like to thank my husband Tarje Bargheer for being
more perfect than me at being a manifestation of that which I am, my friend David
Kyed for bringing me chai and croissants, and my supervisor Sgren Eilers in particular
for highly professional guidance, for always insisting that I should ask him more questions,
and of course for doing such fun mathematics. I would also like to thank all three for
providing me with music to listen to while working on this thesis.

Sara Arklint
Ngrrebro, December 2007



1 Inductive limits

As the C*-algebras of interest in this thesis is an inductive limit class, we must first
become acquainted with the notion of an inductive limit. To clarify the notation and
constructions used throughout the thesis, a short introduction to inductive limits is here
given. Consult e.g. [Wei94| and [RLL00| for more details on inductive limits in general
respectively for C*-algebras and (ordered) abelian groups.

1.1 Inductive limits within a general category

First we define the category of inductive I-systems over a fixed category.

Definition 1.1 In a given category an inductive I-system (X;, fi ;) over a directed set [
consists of objects X; for each ¢ € I and morphisms f; ;: X; — X; for each ¢ > j that
satisfy fix = fijfir wheni > j > k. A morphism (¢;): (X5, fij) — (Y5, gs,5) of inductive
systems is a family of morphisms ¢;: X; — Y; that satisfy ¢; f; ; = g ;¢; whenever 7 > j.

Notice that a covariant functor will map an inductive I-system into an inductive I-
system and a morphism of systems into a morphism of systems.

We now define the inductive limit of an inductive system. One may think of the limit
as a sort of least upper bound of the system, if one thinks of the morphisms f; ;: X; — X;
as inequalitys X; < Xj.

Definition 1.2 Considering an object X together with a family of morphisms f;: X; —
X, we say that (X, f;) is compatible with the system (X, fi ;) if f; = fifi; whenever
i > j. And (X, f;) is called an inductive limit of (X, f; ;) if furthermore it has the
universal property that whenever (Y, g;) is also compatible with (Xj, f; ;) then there
exists exactly one morphism f: X — Y such that g; = ff; for all i € I.

If the category behaves nicely, every inductive I-system will have an inductive limit.
Notice that the universal property ensures uniqueness of the inductive limit of a given
system. Hence we can let lim(X;, f; ;) (for short lim X;) denote the limit of the system
(X5, fij) if it exists. The universal property also ensures that a cofinal subsystem will
have the same limit as the original system.

We will only be dealing with countable inductive systems, i.e. inductive N-systems,
and only within the category of C*-algebras and within the category of (ordered) abelian
groups. We will write the inductive N-systems as (X, f;) with f; = fi;1, as one can
reconstruct f; ; as fjj = fi—1--- f; whenever ¢ > j. Within these categories any inductive
system will admit an inductive limit, and we use the following constructions of the limit.

Please note that to ease notation, representatives of cosets are considered instead of
the cosets themselves.

1.2 Inductive limits of C*-algebras

Construction 1.3 Given an inductive system (A4;, f;) of C*-algebras, we consider the
C*-algebra [[;cy Ai of bounded sequences (a;) with each a; € A;, together with its ideal



Y icn Ai consisting of sequences (a;) where [|a;|| converges to zero. For each i € N one

defines
foo,i: A,L — HAJ/ZAj

JEN JEN
as fooi(a) = (a;) with a; = fji(a) when j > i, a; = a, and a; = 0 elsewise. Together
with the C*-subalgebra
A= U im foo,i
€N

these homomorphisms form the inductive limit (A, foo ;) of the system (A, f;).

In fact, lim is a functor from the category of inductive systems of C*-algebras to
the category of C*-algebras, and for a morphism (a;): (A;, fi) — (B, gi) one defines
lim o;: lim A; — lim B; on the above dense subset as (a;) — (a;(a;)).

— — —

Consider an inductive system (A,, f,) and a (B, 3,) which is compatible with it.
According to [RLLO00, 6.2.4], (B, 8,) is the limit of (A,, f,) if B = |J,,im 8, and ker 3, C
ker foo », holds for all n € N. This is quite useful when one wants to determine the limit
of a concrete inductive system.

Example 1.4 Consider the maps f,: M,, — M, given by a — diag(a,0). This makes
(M, fn) an inductive system of C*-algebras, and we now claim that the compact oper-
ators K (H) on the separable Hilbert space H = ¢2(N) is its limit. Let (e,) denote an
orthonormal basis for H, and define ¢,,: M,, — K(H) as pn(a)(er) = >, aire; when
a = (aij).

Notice that ¢, = @pi1fn for any n, i.e. that (K(H), ¢,) is compatible with (M, f,).
Clearly, ker ¢, = 0 C ker fo 5, for any n, and as |J,, im ¢,, equals the operators of finite
rank, | J,, im ¢, = K(H). Hence (K(H), ;) = im(M,, f,).

1.3 Inductive limits of (ordered) abelian groups

Inductive limits of abelian groups is also of interest to us as the K-groups of a C*-al-
gebra are abelian groups. Since the K-groups to be defined and studied later on are
ordered groups, we first need to know the definition of the category of ordered groups.
The category of ordered groups has as objects ordered groups and as morphisms positive
group homomorphisms.

Definition 1.5 An ordered group (G,G™") is an abelian group G together with a subset
Gt C G, called the positive cone of G, that satisfies GT + GT C GT, GT N (-GT) =0
and GT + (—G*) = G. A group homomorphism ¢: G — H between ordered groups is
called positive if p(G1T) C H™.

We write g > h if g — h € G, and one can readily verify that this defines a partial
order on GG. Notice that GT Ntor G = 0, hence a torsion-group cannot be made into an
ordered group.



Construction 1.6 For an inductive system (Gj, f;) of (ordered) abelian groups, one con-
structs in a very similar fashion the group

G = {(aci) c[[¢

1€EN

filzi) = zipa eventually}/{(g;i>

z; =0 eventually}

and homomorphisms fs;: G; — G as fooi(z) = (z;) with z; = f;;(x;) when j > 4,
x; = x, and x; = 0 elsewise. Then (G, foo,;) Will be the inductive limit of (Gj, f;) within
the category of abelian groups. If the groups G; are ordered groups, and the maps f;
positive group homomorphisms, one defines G = J,oy fi(G]) hereby ordering G,
and (G, fo ;) will then be the inductive limit of (G, f;) within the category of ordered
abelian groups.

Notice that by construction
1€N

Again, lim is a functor, and given a morphism (¢;): (G, fi) — (Hi,g;) one defines
lim p;: im G; — lim H; as (z;) — (pi(2i)).

Consider an inductive system (G, fn) and a (H,¢,) which is compatible with it.
According to [RLL0O, 6.2.5], (H, ¢y) is the limit of (G, fn) if H = |,, im ¢, and ker ¢, C
ker foo n holds for all n € N. Again, this is quite useful when one wants to determine the
limit of a concrete inductive system.

Example 1.7 Consider the inductive system (Z, 2), i.e. the system (G, f,) with G, = Z
and f,: Z — Z defined as f,(z) = 2z. Consider the group Z[3], i.e. the subgroup
{9F | € Z,k € No} of Q, and define ¢,,: Z — Z[3] as pn(z) = £&.

Now, ¢n = ¢pn1fy for any n, hence (Z[1], ¢5) is compatible with (Z,2). Notice that
ker ¢, = 0 C ker fx,, for each n; and clearly |J, im¢p, = Z[%]. Hence, (Z[3],¢,) =
lim(Z, 2).



2 K-theory and KK-theory

Later on we will define an invariant for AD algebras, and it will be defined in means
of KK-theory. The approach in this thesis to K-theory and KK-theory has been on a
strictly need-to-know basis. This section is meant as a not-to-rough introduction to the
necessary parts of the subjects, mostly aimed at those readers who are not completely
foreign to K-theory. The main sources have been [Blad8| and [RLL00].

We will be regarding K-theory both as a special case of KK-theory, and, when nec-
essary, as formal differences of equivalence classes of projections resp. homotopy classes
of unitaries. We use the more-or-less standard notation of [p]yp denoting the equivalence
class in Ko(A) of the projection p, [u]; the homotopy class in K;(A) of the unitary wu,
and [a] the KK-class in KK(A, B) represented by the *-homomorphism a: A — B.

2.1 An idea of KK(A, B)

KK(—, —) is a bifunctor, contravariant in the first variable and covariant in the second,
from the category of C*-algebras to the category of abelian groups (sometimes into the
category of ordered abelian groups).

For any k € N, a *-homomorphism a: A — My(B) induces a KK-class, i.e. an element
[a] in KK(A, B), and two homotopic *-homomorphisms lie in the same KK-class. By
Cuntz’ Quasihomomorphism Picture of KK(A, B), one may think of the elements in
KK(A, B) as homotopy classes of generalised *-homomorphisms. In fact, most of the
KK-groups we consider are generated by formal differences of classes that are represented
by #-homomorphisms. As noted in [Eil95, p. 19],

KK(I,,A) ={[a] | a: I, = Mi(A) a *-homomorphism }

and
KK(IY, A) = {[a] — [&/] | a,a: I,, — My(A) are x-homomorphisms},

where the C*-algebras I, and I are to be defined in section 3, and the groups KK(I,,, A)
and KK(I¥, A) are to be studied in section 4.

2.2 Some isomorphisms

The natural isomorphisms mentioned below will be regarded as identities. See [RS87,
1.11] for a reference.

Recall that two C*-algebras A and B are said to be homotopy equivalent if there are
k-homomorphisms a: A — B and 3: B — A such that S« is homotopic to id4 (i.e. such
that there is a point-wise continuous path of *-homomorphisms from S« to id 4) and such
that a8 is homotopic to idp.

Proposition 2.1 The functors KK(C, —) and KK(SC, —) are naturally isomorphic to
Ko(—) respectively K;(—); the first isomorphism given by [p]o — [1 — p|. The bifunctor
KK(—, —) is homotopy invariant and stably invariant in both variables; the stability
isomorphism being induced by a — diag(a,0,...). One has Bott periodicity, i.e. that
KK(S —, —) is naturally isomorphic to KK(—,S —), and KK(S? —, —) to KK(—, ).



In some situations we will need the explicit construction of the Bott map from Kg(A)
to K1(S A), so we state it here. See [RLL00, 11.1-2| for more details and a proof.

Proposition 2.2 Given a C*-algebra A, the Bott map
6142 Ko(A) — Kl(S A)

is an isomorphism. When A is unital, $4 is defined by [plo — [fp]l1 where f,(t) =
e?™p + (1, — p) when p € M, (A).

2.3 The Kasparov product

The following map, the Kasparov product, is quite essential. Again, see [RS87, 1.11]
and [Bla98, 18.7.1] for references.

Proposition 2.3 Given C*-algebras A, B and C, there is a map
KK(A, B) x KK(B,C) — KK(A4,C)

which is associative, distributive with respect to the group structures, and natural in
both variables. When A = B then idy is a left unit, and when B = C then idg is a
right unit. It generalizes composition of *-homomorphisms, i.e. given *-homomorphisms

a: A— Band 8: B— C then [Ba] = [o][F].

For an element z € KK(A, B) we let z-: KK(B,C) — KK(A,C) denote the group
homomorphism given by Kasparov multiplication from the left y — zy, and we let
x: KK(C, A) — KK(C, B) denote the group homomorphism given by Kasparov multi-
plication from the right y — yz.

A family of group homomorphisms p4: KK(A, B) — KK(A4,C) is called KK-natural
(resp. natural) in A if the diagram

KK(A, B) —2~ KK(A, C)

KK(A', B) 2~ KK(A',C)

commutes for all A and A’ and all z € KK(A, A") (resp. for all x € KK(A, A’) of the
form z = [o] with a: A — A" a *-homomorphism). The term KK-naturality makes even
more sense if one thinks of it as naturality within the KK-category whose objects are
separable C*-algebras and whose morphisms from A to B are KK(A, B). KK-naturality
and naturality of a family of maps ¢p: KK(A, B) — KK(D, B) is defined similarly.

For nicely behaving C*-algebras one has the six-term exact sequences. See e.g. [RS87,
1.11] for a reference.

Proposition 2.4 When B and D are separable C*-algebras and B is nuclear, then any
short exact sequence




of C*-algebras induces two exact sequences

KK(D, A) —“ - kK (D, B) —Y . kK (D, )

o] s

and
KK(A, D) <% KK(B, D) <2 KK(C, D)

% Tgo

that are KK-natural in D.

The vertical connecting maps of the two six-term exact sequences associated to a
mapping cone sequence are easy to describe. See [Bla98, 19.4.3].

Definition 2.5 The mapping cone sequence associated to the map a: A — B is the
short-exact sequence

0—=SB——=Cla) —=A—>0
where the cone of « is defined as

Cla) = {(a, f) € A& Co((0,1], B) | f(1) = a(a)}
and the maps are given as «(f) = (0, f) and 7(a, f) = a.

Proposition 2.6 Given a map a: A — B between nuclear, separable C*-algebras A and
B, and a separable C*-algebra D, then, using Bott periodicity, the vertical connecting
maps of the six-term exact sequences associated to the mapping cone sequence of «, are
in the covariant case

KK(D, A) el KK (D, B) = KK(SD, S B)

and
KK(S D, A) = KK(D,S 4) 2L KK(D,$ B) ,

and in the contravariant case

KK(S B,S D) = KK(B, D) el KK(A, D)

and
KK(S B, D) "% KK(S A, D) = KK(4,S D) .



2.4 Order structure on KK(A, B)

We desire to define K-theory with coefficients via KK-theory, and as we desire to define
an order on these new K-groups, we need the following definition.

Definition 2.7 Define the positive cone as
KK(A, B)t = {[a] | a: A — My(B) a *-homomorphism , k € N} C KK(A, B),
and the scale as
KK(A,B)"* = {[a] | «: A — B a sx-homomorphism } C KK(A4, B).

In the general case, this does not make (KK (A, B), KK(A, B)") into an ordered group.
However, via the isomorphism Ko(—) = KK(C, —) of 2.1, it is a generalization of the
positive cone

Ko(A)" = {[plo | p € M, (A) a projection ,n € N}

and the scale
Y(A) ={[plo | p € A a projection}

in Ko(A4).

2.5 Split-exactness

Recall that a short sequence of Z-modules or C*-algebras

0 A-—-p Yoo 0

is said to split if there are splitting maps o: C — B and 7: B — A satisfying 7¢ = id 4,
Yo = idg and o7 + 09 = idp. Since a short sequence that splits is exact, we also
refer to such sequences as split-exact. If the above sequence is exact and we have a map
o: C' — B with 9o = id¢, we can construct one and only one map 7: B — A such that
7 and o are splitting maps and the sequence in question splits, and we will therefore
often only specify the map o and refer to it as the splitting map.

Lemma 2.8 Given any split-exact sequence
©
0—A T) B <T> C——=0

of nuclear, separable C*-algebras and any separable C*-algebra D, the two induced
sequences in KK-theory




and

are both split-exact with splitting maps induced by the splitting maps of the sequence of
C*-algebras, and the induced maps are all positive. The splittings are KK-natural in D.

Proof. As D is separable we get by 2.4 that KK(—, D) and KK(D, —) are half-exact on
short-exact sequences of nuclear C*-algebras, and it is easily seen that any half-exact co-
or contravariant functor is split-exact. The definition of the positive cone in the KK-
groups insures that the induced maps are positive by construction. And the splittings
are KK-natural in D by associativity of the Kasparov product. Q

Remark 2.9 Consider two homomorphisms p,: A — B where A = A1 @D An
and B = B, @ -- @Bn,anddenotebyL A—>A7r A — A, BB, - B and

Ly
7{3 : B — B, the canonical injections and projections. As a consequence of lemma 2.8

m

Z[ A = [id4] and ZL?T = [idg],

s=1
hence if [12@14] = [7B4u4] for all r, s then
o] = [ida][][id5]

= Z[L?Wf] o)l ]
= Z 17BN P
= Z e [e?]

= W]
as elements of KK(A, B).

2.6 The Universal Coefficient Theorem

Since we will have some use of the Universal Coefficient Theorem by Rosenberg and
Schochet, we will be needing the notion of the bootstrap class.

Definition 2.10 The bootstrap class is the smallest class of C*-algebras that contains
the separable, abelian C*-algebras and is closed under stable isomorphism, countable
inductive limits, extensions, and crossed products by Z and R.

As a direct sum is an extension, we notice that the bootstrap class is closed under
taking countable direct sums.

When considering the graded K.-groups, we abuse the notation Hom(K,(A4),K.(B))
by letting it denote the graded homomorphisms K,(A) — K.(B); the same applies to
Ext!(K.(A),K.(B)) as we let it denote Ext!(Ko(A),Ko(B)) @ Ext!(K;(4),Ki(B)).

10



Theorem 2.11 (Universal Coefficient Theorem, [RS87]) If the C*-algebra A is separable
and nuclear and lies in the bootstrap class, and the C*-algebra B is o-unital, then there
exists a short exact sequence

0 — Ext!(K,(A), K.(S B)) —~> KK(A, B) —— Hom(K.(A), K,(B)) — 0

which is KK-natural in A and B. The map I' is given by Kasparov multiplication from
the right. The sequence splits unnaturally.

The definition of I" uses the identifications K.(4) = KK(C, A) ¢ KK(SC, A) and
K.(B) = KK(C, B) ® KK(SC, B); so given a € KK(A, B), I'(a) is the map (z,y) —
(xa,ya) where za and ya denotes the Kasparov product of x with a and y with a.

2.7 Continuity of KK(A, —)

As we are dealing with an inductive limit class, the following is indispensable. Via [Bla98,
21.3.1] it follows from [RS87, 7.13|.

Proposition 2.12 If A is separable, nuclear and lie in the bootstrap class, and the group
K, (A) is finitely generated, then KK (A, —) is continuous, i.e. given an inductive system
(Bi, fi) of C*-algebras such that lim(B;, f;) is o-unital then (KK(A,lim B;), [fo,]) is
naturally isomorphic to the limit of the inductive system (KK(A, B;),-[fi]) of abelian
groups. If furthermore each KK(A4, B;) is an ordered group, then (KK(A,lim B;), [fs,i])
is the limit of (KK(A, B;),-[fi]) within the category of ordered groups.

As for the scale, one sees by reading the proof of [RLL00, 6.3.2] that in the case of
A = C then KK(C, B)"* = |J,{[fia] | a: C — B;}.
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3 AD algebras

We are now ready to define the algebras in question and then show that they satisfy
certain propertys. We will also state some quite powerful technical theorems that we will
be needing later on.

3.1 Definition of AD algebras

Consider for each n € N\{1} the nonunital dimension drop algebra
I, = {f € C([0,1], My,) | f(0) =0, f(1) € Cly}
and the dimension drop algebra

L ={f € C([0,1],My) | £(0), f(1) € Cln}

where 1,, denotes the identity matrix in the n x n matrices M,,.
To get a feeling of the nonunital dimension drop algebras, we start out with a small
technical lemma from [DL94, 1.7].

Lemma 3.1 Consider a *-homomorphism «: I,, — A for some C*-algebra A. Then the
«-homomorphism diag(c,...,a): I, — M, (A) is null homotopic.

Proof. Define 5: I, — M, (I,) as f — diag(f,..., f). As diag(a,...,«) factors through
B, it suffices to prove that 3 is null homotopic.

View M,(I,) as {f € C([0,1], M, ® M,, | f(0) = 0, f(1) € C(M,, ® 1,,)}, whereby
B(f) =1,®f, and let u € M, ® M, denote a unitary satisfying u(1, @ M,)u* = M, ®1,,.
Now, define a point-wise continuous path s — Gs: I, — M,(L,) as

Bs(F)(t) = u(l, @ f(st))u".

As By = 0 and 5 = ad(u)f, we see that ad(u)f is null homotopic. And by taking a
point-wise continuous path s — us € M,, ® M,, with ug = u and u; = 1, we get a path
s +— ad(us)B from ad(u)s to S. @

For later use, we define §;: I’ — C by ;(f)1, = f(i), a sort of evaluation at the
endpoint i € {0,1}. We also define the maps iny, ;, inym: I, — M(im) (I¥) as follows.
Given f € I, we consider diag(f,...,f) € M% (C([0,1])) consisting of (n"m) copies

of f on the diagonal. As diag(f(0),..., f(0)),diag(f(1),...,f(1)) € CI%, one may
view diag(f,..., f) as an element of M_m (I¥). We define in, ,,(f) = diag(f,..., f)

(n,m)

and in, ., (f)(t) = diag(f(1 —¢t),..., f(1 —1)).

The AD algebras are build from the the circle algebra C(S?) and the unital dimension
drop algebras I’ by being the smallest class of C*-algebras that contains C'(S') and
I5,15,17, ... and is closed under tensoring with M,,, under taking finite direct sums,
and under taking countable inductive limits.

12



Definition 3.2 An AD algebra is a C*-algebra isomorphic to a countable inductive limit

of the form N
i (€D 4007
k=1

with each A, € {C(S1),1, 13,17, ...}

We will refer to C'(S') and 13,13, 17, ... as the building blocks.

As for the name AD algebras, it stands for approximately dimension drop algebra
(regardless the presence of the circle algebra among the building blocks), and it is inspired
by the abbreviation AF algebra for approximately finite C'*-algebra. The AF algebras
being the countable inductive limits of finite dimensional C*-algebras, i.e. of finite direct
sums of matrix algebras. Same applies for the naming AT algebras, or approximately
torus algebras, of the class of countable inductive limits of finite direct sums of matrix
algebras over the circle algebra C(S1).

As we will see, the class of AF algebras is contained in the class of AD algebras.
One could then count C among the building blocks, but as some of our more technical
lemmata are proven for one type of building block at a time, we save time and effort by
not doing so.

Lemma 3.3 The class of AF algebras is contained in the class of AD algebras.

Proof. Given an AF algebra A = h_r)n(Ai, fi) with each 4; = M,,,, ®--- @ ]\47%71%7 we
define for each ¢ a C*-algebra

B; = C(S', 4j) = My, (C(S1)) @ - & My, (C(S"))

and *-homomorphisms «;: A; — Bj,a — (t — a) and §;: B; — A;,b — b(xg) where
xo € S! is a fixed point on the circle.

By defining g; = «;11fi8; we make (B;,g;) into an inductive system with B =
h_n)l(Bi,gi) being an AD algebra by definition. As f;a; = ida, for each i, one sees
that gia; = aq1fi and f;3; = Biy19i, i.e. that («;) and (8;) are morphisms of inductive
systems.

Since ;o = id g, for each i, li_I)IlﬁZ' lim a;; = id 4. And as

U im goo i = {(bi) | gi(bi) = biy1 eventually}
iEN

is dense in B, and as a;110i+19; = g1, li_I)nozili_n}ﬂi = idg. Whereby we conclude that
A= B. Q

3.2 Properties of AD algebras

As we will see, the AD algebras are separable, nuclear and of stable rank one, and lie in
the bootstrap class. They are not all of real rank zero, however, and we will define the
notion of an inductive system having large denominators to describe what it means for
an AD algebra to have real rank zero.
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Recall that a C*-algebra A is said to be nuclear if the algebraic tensor product of
A with any C*-algebra B can be equipped with but one C*-norm. The class of nuclear
C*-algebras is closed under direct sums, extensions, inductive limits, tensor products and
quotients, cf. e.g. [Bla06, 11.9.4.5]. According to a theorem by M. Takesaki all abelian
C*-algebras are nuclear, cf. e.g. [Mur90, 6.4.15]. We will only be dealing with nuclear
C*-algebras.

Recall also that a unital C*-algebra A is said to be of stable rank one if the set A1
of invertibles in A is dense in A, and a nonunital C*-algebra A is of stable rank one
if its minimal unitization A~ is. Using that the left or right invertible elements of a
unital stable rank one C*-algebra are invertible, cf. |[Bla06, V.3.1.5], one can easily show
that a unital stable rank one C*-algebra is finite, and as according to [Bla06, V.3.1.16]
the matrix algebra M, (A) is of stable rank one when A is, one sees that any unital
stable rank one C*-algebra is stably finite. This is important to us as any stably finite
C*-algebra A satisfies that (Ko(A),Ko(A)") is an ordered group, cf. [Bla06, V.2.4.8].

Lemma 3.4 All AD algebras, as well as the nonunital dimension drop algebras I, n €
N\{1}, are nuclear and separable, are of stable rank one, and lie in the bootstrap class.

Proof. As S! and [0, 1] are metrizable and compact, C(S!) and C([0,1]) are separable
according to [Con90, V.6.6], so the building blocks C(S') and I’ as well as I, are all
separable. Hence also finite direct sums of matrices over these are separable, and as
countable inductive limits of separable C*-algebras are separable, all AD algebras are
separable.

Since the matrix algebras M,, are nuclear, it sufficies to show that the building blocks
C(S') and Ty are nuclear to prove that all AD algebras are nuclear. The circle algebra
C(S') is nuclear because it is abelian. Consider the extension

0 —— My (Co((0,1))) —> T, —> 0.

As M,,(Cy((0,1))) = M,,®Cy((0,1)) and C are nuclear, I, is nuclear as well. Considering

the extension
8
0 I, —=1Iy —>C 0

we see that also Iy is nuclear.

Being separable and abelian, Cy((0,1)), C(S!) and C lie in the bootstrap class. Since
M, (Cy((0,1))) is stably isomorphic to Cy((0,1)), we see that M, (Cy((0,1))) and thereby
also its extension I, by C lie in the bootstrap class. Similarly also Iy lies there. As the
bootstrap class is closed under stable isomorphism, direct sums and inductive limits, it
follows that all AD algebras lie there.

To see that C(S') has stable rank one, we notice that any f € C(S!) can be approxi-
mated by polynomials, and as a polynomial has finitely many roots, the polynomials can
be approximated by functions f € C(S!) satisfying f(S') Z 0. Similarly one sees that
C([0,1]) has stable rank one, so considering the extension

S0P
0 S M, I 2% cogC—s0
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where the map 69 @ d; admits lifts of unitals we conclude as the C*-algebra to the left and
the C*-algebra to the right have stable rank one, that also the middle C*-algebra I has
stable rank one, cf. [Rie83]. Clearly, an inductive limit of stable rank one C*-algebras is
again of stable rank one, and as any matrix algebra over a stable rank one C*-algebra is
of stable rank one, cf. [Bla06, V.3.1.16], we conclude that all AD algebras are of stable
rank one. @

Now, recall that a unital C*-algebra A is said to be of real rank zero if the set AZ!
of invertible selfadjoints is dense in the set Ag, of selfadjoints, and that a nonunital C*-
algebra A is of real rank zero if its minimal unitization A™ is. For instance, the direct
sum of two real rank zero C*-algebras is again of real rank zero, and according to [Bla06,
V.3.2.10], real rank zero passes to matrix algebras and is preserved in inductive limits,
so as C is of real rank zero, any AF algebra is.

Example 3.5 The building blocks C(S') and I are not of real rank zero as the spaces S*
and [0, 1] are connected. Consider e.g. the selfadjoint f € C(S?) given by f(z) = x + 7.
Clearly, f(S') = [~2,2], and given any invertible selfadjoint g € C(S'), g(S') C R
and 0 ¢ g(S'), so either g(S') C Ry or g(S') € R_ as g(S!) is connected, hence
lf = glleoc = 2. As for I, assuming real rank zero we may conclude by [Bla06, V.3.2.9]

that the hereditary subalgebra I, of I has an approximate unit of projections, but I,
has no non-zero projections.

As the building blocks aren’t of real rank zero, one may think that the AF algebras
are the only real rank zero AD algebras. But, as we will see, there are a lot of real rank
zero non-AF AD algebras about, cf. 3.9.

To describe how it affects the connecting maps of its inductive system if an AD algebra
is of real rank zero, we will be needing the following definition. Keep in mind that, as
K.(C(SY)) = Z®Z and K, (1Y) = Z®Z/n, then when considering building blocks A and
B, any graded map from K, (A) to K.(B) is of the form (z,y) — (azx,by) with a,b € Z.

Definition 3.6 Given finite direct sums A = A1®---®A,, and B = B1®- - - B,,, of matri-
ces A, B, over building blocks, we define the set Hom(K,(A), K,(B))" of N-large graded
homomorphisms (¢g, ¢1): Ki(A4) — K. (B) as those graded homomorphisms where the
maps Ko(m,)po Ko(es): © — arsz and Ky (7)1 Ki(is): ¢ — bpsx satisfy (for each pair
r,s) that a,s > N when b5 # 0. Here t5: A; — A denote the canonical inclusion and
mj: B — Bj the canonical projection.

Considering an inductive system (A, frn), (K«(Ay), Ki(fy)) is said to have large de-
nominators if for any N one can find a subsystem (Ay,, fn,,1n;) of (An, fr) with each
Ky (fni1,n:) being N-large.

As the concept of having large denominators is somewhat strange, we consider a few
simple examples.

Example 3.7 Consider the inductive system (C(S'),id). The induced system on K-
theory is (Z @ Z,(1,1)), and as any subsystem of it will be (Z @ Z, (1,1)), this system
does not have large denominators.
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Let §: C(S') — C denote f + f(1), and consider the inductive system of C*-al-
gebras (Ma,(C(S')), diag(id,nd)) which induces the inductive system of groups (Z @
7,(2,1)). Given an N € N, we have that 2V > N, hence we see that the subsystem
(M,on (C(SY)), diag(id, nd, . ..,nd) is N-large. So the system (Z @ Z,(2,1)) has large

denominators.

The following result is from [El193, 7.2] and will be of great use to us. Notice that it is
a direct consequence of the proposition that the building blocks aren’t of real rank zero.

Proposition 3.8 Consider an AD algebra A =lim(A,,, f,) where each A, of the system
is a finite direct sums of matrices over building blocks. If A is of real rank zero, then
(K« (An), Ki(fn)) has large denominators.

The system af K,-groups having large denominators doesn’t imply that the limit of
the system has real rank zero, however. But it is almost true. The following result is also
from [EI193, 6.2], and it will come in handy when we desire to construct certain examples
of real rank zero AT and AD algebras.

Proposition 3.9 Consider an inductive system (A, f,) with each A,, being a finite direct
sum of matrices over building blocks. If (K.(Ay),Ki(fn)) has large denominators, then
one can find a system (A, ,gxr) which is KK-shape equivalent to (A, f,) and where
lim(Ay,, gx) has real rank zero.

3.3 KK-shape equivalence

The standard strategy when trying to construct isomorphisms between elements of an
inductive limit class, is to make something similar to Elliott’s intertwining argument
work. G. Elliott himself has done so in [El93, 7.1], cf. 3.12, and to state (and later on
use) his result, we need the notion of KK-shape equivalence.

Definition 3.10 Inductive systems of C*-algebras (A;, f;) and (B;,g;) are called KK-
shape equivalent if there exist subsystems (4;,, f;,) and (B;,, gj,) and *-homomorphisms

: A, — By, and By: B, — A;, such that the diagram
flg i1 f73 9 f14 i3 .

commutes at the level of KK-theory, i.e. such that

[on ] = [gjn+17jn] and  [Bpy10n] = [fi7l+1,in]

as elements of KK(Bj,, B; respectively KK(A4;,, 4;,,,).

VL+1)
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Observation 3.11 Consider two KK-shape equivalent systems (4, f,) and (B, gn). By
associativity of the Kasparov product, the diagram

K.(A)) [f1] K. (As) [f2] K. (As) [fs]
'[61]] lea) '[ﬁ2]] loa] '[53]T w‘
K. (B1) g1] K. (Bo) [92] K.(Bs) lgs] >

commutes. One now sees, as the maps -[ay,] and -[3,] are positive, that the maps in-
duce positive maps, h_H}K*(An) - hLQK*(Bn) given by a[foo,n] = a[an][goo,n+1] and
lim -[8,]: lim K« (By) — lim Ky (Ay) given by blgeon] = b[Bn][foo,n), that are each other’s
inverses. As Ki(lim 4,) = lim K.(4,) and K, (lim B,,) = lim K, (B,,), we conclude that
lim Ay, and lim B, have the same ordered K-theory.

As we will construct isomorphisms between AD algebras via KK-shape equivalence of
inductive systems of direct sums of matrix algebras over building blocks, the following
theorem is crucial to us. See [El93, 7.1] or [DGI7, 7.3| for a proof.

Theorem 3.12 Consider real rank zero AD algebras A and B that are given as the
inductive limits
A=1lm(A; f;) and B =lim(B;,g;)

of systems of direct sums of matrix algebras over building blocks. Assume that the
inductive systems (A;, f;) and (B, g;) are KK-shape equivalent, and let (A;,, fi, 1,in)
and (Bj,,, gj,1,jn) denote subsystems giving a KK-shape equivalent and v, : A;, — Bj,
and (3,: Bj, — A;, the corresponding *-homomorphisms satisfying

[nBn] = [Gjpi1.gn) and  [Bnyran] = [fina]-

Then the limits A and B are isomorphic, and an isomorphism a: A — B may be chosen
to be compatible with the given KK-shape equivalence, i.e. such that for each n

[ fooin] = [Qoo,jnﬂan] and [Oflgoodn] = [foo,in Bnl

as elements of KK(A;, , B) respectively KK(Bj,, A).

Jk>
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4 K-theory with coefficients

We are now ready to define K-theory with coefficients, its associated natural transfor-
mations, and finally our invariant. In this section we will also determine the image of
our invariant on the building blocks C(S') and I;Y. The constructions, and most of the
proofs, are from [Eil95], with a few details added or changed.

For any nuclear, separable C*-algebra one can define K-theory with coefficients as
well as its associated natural transformations. In the following we will however only be
dealing with AD algebras, as this allows us to use some shortcuts.

4.1 The ordered (Z/2)*-graded group K.(—;Z ® Z/n)

Firstly, we define K-theory with coefficients. As noted on p. 6, (KK(I7, A), KK(I'7, A)*)
is an ordered group, while (KK(I,, A4), KK(I,,, A)™) is not.

Definition 4.1 For an AD algebra A we define for all n € N\{1} ordered K-theory with
coefficients in Z/n as

o Ko(4;Z/n) = KK(IL,, A);
e Ki(4;Z/n) = KK(L,,S A);
o Ko(A4;Z®Z/n) =KK(I, A) with positive cone Ko(A;Z @ Z/n)" = KK(I, A)™".

Lemma 4.2 The groups Ko(A;Z/n) and Ki(A;Z/n) are Z/n-modules for any AD alge-
bra A and any n.

Proof. Let x € KK(I,,, A) be given. As [idy,] is a left unit for KK(I,, A), we get that
nx = (nfidr,])z. And according to 3.1, diag(idy,,...,idy,): I, — My, (L,) is null ho-
motopic, hence nfidy, | = [diag(idy,,...,ids,)] = 0. And therefore nx = 0, as desired.
nKi(A;Z/n) =0 can be proved in the same way. Q@

Of course we wish for Ko(A;Z @ Z/n) to be the direct sum of Ko(A) and Ko(A4;Z/n).
Observation 4.3 For any AD algebra A, we can consider the split-exact sequences

id®é

SA=— ZAeC(SH) = A 0,

iden
where §: C(S') — C is defined as §(f) = f(t) for some fixed ¢ € S, and
0— I, == =>C——>0.
n

Since A is separable and nuclear, lemma 2.8 ensures us that these sequences induce a
KK-natural diagram with split-exact rows and columns and with all its twenty-four maps
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being positive:

0 0 0
T [do]- T [¢]- T
0 KK(C, A) #) KK(IV,A) <——— = KK(I,, A) 0
nl- i i
~[id®5]T [id@n] -[id@é]T fiden] -[id@é]T [id®@n]
\ Y Y

(5o )
0 — = KK(C, A® C(SY)) == KK(I7, A @ C(S) == KK(In, A ® C(S)) —=0

[n] : :
'MT 'MT -MT
v [60]- v v

ol
0 KK(C,8 A) = = KK(I, 8 4) = KK(I,, S A) 0
T : T T
0 0 0

It follows from the associativity of the Kasparov product that the four solid squares and
the four dotted squares are commutative.

Hence the diagram above defines a (Z/2)%-grading of KK(I}, A ® C(S')) where the
positive cone of KK(C, A) corresponds to the positive cone inherited from KK(I7Y, A)*™
or KK(C, A®C(S'))" and where these positive cones correspond to those inherited from
KKy, A C(SH))*T.

In light of observation 4.3, we can now make the following definition. Notice how the
order on K, (A) restricts to the order on Ko(A), by 4.3.

Definition 4.4 For an AD algebra A we define the positive cone in K, (A) as K.(4)t =
KK(C,A® C(SY))".

Remark 4.5 One usually defines the positive cone in K. (A) as those couples ([p]o, [u]1)
where p € M,,(A) is a projection and the unitary u € M, (A) lies in pM,,(A)p. According
to |Bla06, V.2.4.31], this standard order on K,(A) agrees with the Kg-order on Ko(A ®
C(S1)). Notice that in the case where the C*-algebra A is simple, any (z,y) in K, (A)
with & > 0, is positive. The same applies to the special case where [1]y generates Ko(A)
and K;(A) has a set of generators that lie in A.

Lemma 4.6 For any AD algebra A, (Ko(A4),Ko(A)T) and (K. (A),K.(A)T) are ordered
groups.

Proof. When we make the identification K,(A) = Ko(A ® C(S')), we see that by the
continuity of Ko(—) stated in 2.12, it suffies to proof that (Ko(A),Ko(A)") is an ordered
group when A is either a finite sum of matrices over building blocks or such a sum
tensored by C(S!).

But as mentioned, (Ko(A),Ko(A)") is an ordered group when A is stably finite, ac-
cording to [Bla06, V.2.4.8], and as we have seen, the building blocks (and therefore also
finite direct sums of matrices over them) are stably finite as they are of stable rank one.
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Hence, we are completely done when we have shown that A ® C(S!) is stably finite
when A is a finite direct sum of matrices over building blocks. That is, we must show
that M, (A ® C(S1)) is finite for any n, and as M, (A ® C(S1)) = M, (A) @ C(SY), it
suffices to prove that A ® C(S1) is finite.

So let p € C(S', A) be a projection and assume that p is Murray-von Neumann equiv-
alent to 1. Then we have a partial isometry v € C(S*, A) such that vv* = p and v*v = 1.
But then this also holds point-wise, hence for any z € S!, p(z) is Murray-von Neumann
equivalent to 1 in A, so as A is finite, p(x) = 1 for any x € S*, hence p = 1 and we
conclude that C(S*, A) is finite. Q

Let us determine the K-groups of our building blocks, and let us also fix some gen-
erators for the groups as this will allow us to describe maps between them by matrix
representations.

To describe the ordered K-groups of our building blocks, we will need to establish some
notation. By Z&> (Z/n1 & ---Z/ny) we denote the group Z& Z/ny & - - - Z/ny, equipped

with the order that an element (z,z1,...,z) is said to be positive if we have for some
representatives x1, ...,z that z > x; > 0 for all i. By Z(m;n) we denote the subgroup
{(x,y) €Z/n®Z/n |z =y (mod (nn—m))}, and Z &> Z(m;n) is then equipped with the

order it inherits as a subgroup of Z &> (Z/n & Z/n). Given abelian groups G and H
where G is an ordered group, we denote by G @ H the group G @& H equipped with the
strict order arrising from G, i.e. the order that (g, h) > 0 exactly when (g,h) = (0,0) or
g > 0.

To fix generators for the groups Ki(C(S1)) and K;(I7)), we define the two unitaries
u € C(SY) and u,, € I, as u(t) = t and u,y,(t) = diag(e?™,1,...,1). The following
is well-known, and we therefore keep the proof brief; the details about I, and I are
from [RLLO0, p. 220].

Lemma 4.7 The ordered K,-groups are K.(C) = Z @ 0, K.(C(S')) = Z & Z and
K.(I)) = Z ®r Z/m, where 0 ® K;(C(S)) is generated by [u]; = (0,1) and 0 @ K1 (I}))
is generated by (0,1) = [u]1, and furthermore w,, ~ diag(1,...,1,e2™ 1 ... 1).

Proof. Two projections p,q € M, are Murray-von Neumann equivalent if and only if
they have the same trace, hence Ko(C)™ = Ny, and Ky(C) is therefore isomorphic to Z
equipped with the usual order. Also, as the group of unitary n x n matrices is path-
connected, K;(C) = 0.

As C(S1) = Co((0, 1)),

Ko(C(S")) =Ko(Co((0,1))) ®Z = K1 (C) ® Z = Z,

and likewise K;(C(S')) = K;1(Co((0,1))) = Ko(C) = Z. As the projection 1 € C
generates Ko (C), we see via the Bott map (2.2) that Sc([1]o) = [f1]1 generates K1(SC) =
K1(C(S1Y)), so as fi(t) = €*™ corresponds to u via the identification of the one-point
compactification of (0,1) with S!, [u]; generates K;(C(S!)).

Considering the extension

OHSMm = ]Im 61 (C 0
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and noticing that it is isomorphic to the mapping cone sequence of the map n: C — M,,,
cf. 2.5, we get, by 2.6, a six-term exact sequence

Ko (1)

as Ki(C) = 0 and Ko(SM,,) = 0. Now, Ko(C) = Z and Ki(SM,,) = Z, and as
Ko(n)([1]o) = [diag(1,...,1)]o = m[1l]o, we see that Ko(L,) = 0 and Ki(I,) = Z/m.
Hence, K. (I)) = Z @ Z/m as groups.

By surjectivity of K;(¢), we only need to show that u,, generates K;(S M,,) to conclude
that it generates Ki(I,,) = Ki(I';). And as the Bott isomorphism Sy, : Ko(My,) —
K1 (S M,,) maps the genators p = diag(1,0,...,0) € M,, of Ko(My,) to [fp]1 with f,(t) =
e?™tp + (1, — p) = un(t), [un]1 generates Kq(S M,,).

By 4.5, we see that K,(C(S')) and K, (I;,) have the strict order, as desired.

As for the claim that

uy ~1 diag(1,...,1,e*™ 1,...,1) € I77,
one sees it by letting v € M,,, denote a unitary satisfying
vdiag(1,0,...,0)v* = diag(0,...,0,1,0...,0)

and letting s — v, denote a continuous path of unitaries in M, with v9 = 1,, and v; = v,
and then noting that s — wvsu,,v; is a continuous path of unitaries in I, from u,, to
diag(1,...,1,e*™ 1,...,1). Q

As we will be using the Universal Coefficient Theorem (2.11), we need the following
lemma.

Lemma 4.8 For any abelian group G, Ext'(Z/n,G) = G/nG.

Proof. Clearly,

n

0 Z Z Z/n 0

is a free resolution of Z/n, hence Ext!(Z/n, G) is the 1% cohomology of the complex
0 <~— Hom(Z,G) <"— Hom(Z,G) <—0 .

As Hom(Z,G) = G, this is G/nG, as desired. Q@
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Lemma 4.9 The ordered group Ko(C; Z®Z/n) is isomorphic to Z&>Z/n and is generated
by (1,0) = [dg] and (1,1) = [61], the ordered group Ko(C(S');Z @ Z/n) isomorphic to
Z ®> 7 ® Z/n and generated by (1,0) = [ndp] and (1,1) = [d1], and the ordered group
Ko(Iy;Z @ Z/n) is isomorphic to Z @> Z(m;n) and is generated by the four elements
(1,0,0) = [ndo], (1,1,1) = [7751] o (1,0,1) = [ing,,] and o )(1, 1,0) = [ing, ).

Proof. In 4.7 we saw that K*(]In) =0 Z/n, so by the UCT (2.11) we see that

K(I,,, A) = Ext'(0, K1 (A)) ® Ext'(Z/n, Ko(A)) © Hom(0,Ko(A)) & Hom(Z/n, Ki(A))
= Ko(A)/n @ Ky (A)[n],
hence Ko(C;Z/n) = Z/n, Ko(C(SY);Z/n) = Z/n and Ko(I3;Z/n) = Z/n ® Z/(n, m)

by 4.7. This tells us nothing about the order on Ko(—;Z @ Z/n), however.
We desire to define a map

Ac: KK(I',C) — Z & Z/n,

and as KK(IY, C) is an ordered group, it suffices to define Ac on KK(I'Y, C)*. Consider
p: I — M. As ¢ is a finite-dimensional representation of I, it is the direct sum
¢ = diag(¢1, ..., ¢r) of irreducible representations of IY. Now, as the kernel of p;: I —
M, is a maximal ideal in I'', kerp; = {f € IY | f(z;) = 0} for some z; € [0,1], and
dz, induces an isomorphism from I7Y/ker ¢; to M,, whereby ¢; induces an irreducible
representation from M,, to M,,,, which must be on the form x — w}zu; for some unitary
u in M, and with n; = n,

Oz,
I —1I3/ kerp —= M,

i J/ A ' 'ad Uj
M,,

so ¢; = ad(u;)dy,. Ergo ¢ = ad(u)diag(dy,,...,0s,.) with u = diag(us,...,u,) where
u; = 1 when x; € {0,1}. For i € {0,1}, let ¢; denote the number of times d; accours in
diag(dzy, - - -, 0z, ), and let d = r—cp—cy. Consider another x-homomorphism @: I7Y — M,
homotopic to ¢, and do the same, ending with integers ¢g, ¢; and d. Now, é; is homotopic
to diag(di,...,0;): I’ — M, for all ¢ € (0,1) and ¢ € {0,1}, but dyp and d; are not
homotopic, and diag(d;,...,d,0,...,0): I — M, is not homotopic to d;, hence

cotcr+nd=2c +c+nd and ¢ =é (mod n)

as 6@00 &) 5@01 @5@d and 5@00 @6@01 o 5®d are homotopic. This means that we can define
Ac on KK(IY (C) by

(0] = (co+ 1 +nd,c1) € Z@Z/n.

By construction the map is additive, hence we get a group homomorphism KK(I'Y) —
Z&Z/n.
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As (1,i1) = Ac([ds]) € im Ac, Ac is surjective. Since KK(I,,,C) = Z/n is a torsion
group, Ac maps this part of KK(IY,C) to 0 & Z/n, and as Ac([gdo]) € Z & 0, we
conclude that Ac is graded, cf. 4.3. As Ac is a graded, surjective group homomorphism
from Z & Z/n to Z ® Z/n, we conclude that it is injective, as any epimorphism Z — 7Z
and any epimorphism Z/n — Z/n is.

Clearly,

Ac(KK(I,©)") = (Z @5 Z/n)*,

hence Ac is an graded order-isomorphism from KK(I)" to Z &> Z/n, as desired. Fur-
thermore, as Ac([do]) and Ac([d1]) generate Z & Z/n, [do] and [01] generate KK (I, C).
Now, define
Acesry: KK(Iy,C(SY),  Acsry = Ac o (-[6])

where 6: C(S') — C is given by §(f) = f(1). As [n][6] = [idc], -[6] and therefore also
A¢(sry is onto. And by associativity of the Kasparov product, -[0]: KK(I}, c(sh)) —
KK(IY,C) is graded, cf. 4.3. Hence Ac is graded. Again, any graded, surjective homo-
morphism from 7Z & Z/n to Z & Z/n must be injective, ergo ACSSI) is also injective. As
[n][6] = [idc], we see that KK(IY,C)T = {x[d] | = € KK(IY,C(S"))}, hence

Ac(sn) (KK(I;, C(8M) ") = Ac(KK(I,C)F)

whereby we conclude that Ag(g1) is a graded order-isomorphism from KK(I, C(S ) to
Z @> Z/n. And as Agsny([ndi]) = (1,4), since dn = idc, we see that KK(Iy,C(SY)) is
generated by [ndp] and [ndi].

Finally, define

A, s KK(I7,I3) — (Z@ Z/n)?,  Ar, = (Aco ([6o]) @ (Ac o (-[a1])).

Again, Ap~ is graded. But it is not surjective. Since don = 617, elements from KK(C,I7,)
are mapped to elements of the form (z,0, z,0), cf. 4.3. Now, by composition of maps we
see that

A (Ind) = (he(@bd) Ac(BD) = i L)
g () = (Ao s 00D A S 010) = 15 (1,0,1,1)
A ([mal) = (A S 1) A S 00l) = 155 (1,1,1,0),
whereby we conclude that
{(z,a,2,b) |[a=b (mod ﬁ),m €7} CimAp.

By this, we see that Ap~ gives a epimorphism from KK(C,I},) to the diagonal in Z &
Z, so as KK(C,I;;,) = Z, we conclude that Ar~ is injective on KK(C,I;). Also, as
{(a,b) € Z/n®Z/n | a =b (mod ﬁ)} has n(n,m) elements and therefore as many

elements as KK(I,,I,) has, we conclude that A~ is injective on KK(I,,I;;) and that

nsy +m sy =m

23



x,a,z,b) | a =0b (mod ,x € Z} is the entire image of Aj~. So as Ap~ is injective,
(n,m) m) g ~

and as Ar~ ([no]), Az ([761]), Ary ([ing,n]) and A~ ([ing,,]) generate im Ar, the four
elements [ndo], [761], [inm.n] and [ing, ,] generate KK(H;,H;)
As for the positive cone, we see that

Ar; (KK(I, I5) ™) 2 spany, {Ar; ([nd0]), Arg; ([n01]), Arg, ([i0mn]), Arg; ([im,n]) }
={(z,a,2,b) € imAp. [ >a>0,2>b>0},

while at the same time

A (KK(Iy, T) ) €

ny) m

(Ac(KK(I;,C)") @ Ac(KK(I;,C) ")) Nim A
={(z,a,y,b) € (ZBZ/n)* |z >a>0,y >b>0}NimAr
{(z,a,2,b) €imAp~ |2 >0a>0,2>b2> 0},

as the maps -[dg] and -[d1] are positive. So, via (z,a,x,b) — (x,a,b), we get a graded
order-isomorphism from KK(IY,I7) to Z &> Z(m;n). V)

no»-m

4.2 The natural transformations p! and 3}

Definition 4.10 Given an AD algebra A we define for i € {0,1} the reduction maps
ol Ki(A) — K;(A;Z/n) as the Kasparov multiplication @ — [61]z by [61] € KK(I,, C).
And we define the Bockstein maps (3. : K;(A;Z/n) — K;11(A) as the Kasparov multi-
plication = — [¢]x by [¢] € KK(S My, L,,).

Lemma 4.11 For any AD algebra A we obtain a KK-natural six-term exact sequence of
the form

Ko(A) > Ko(A; 2/n) — = K, (A)

Ko(A) =~ Ki(A Z/n) < — Ky (4).

Proof. Consider again the short-exact sequence

0—>SM, =T, 2~C—>0

and notice that it is isomorphic to the mapping cone sequence associated to the mapping
n: C — M,, cf. 2.5. According to 2.6 the six-term exact sequence associated to the
sequence above is of the form

KK(C, A) — L KK(I,, A) — = KK(S M, A)
[n]ﬁ l[Sn}
KK(M,, A) KK(SC, A)

KK(S My, S A) <~ KK(I, 8 4) <~ KK(C,5 4)
1
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and KK-natural by associativity of the Kasparov product.

As the considered isomorphism KK(M,, A) — KK(C, A) is the one induced by the
map diag(id,0,...,0): C — M,, one sees that the map [n]: KK(M,,A) — KK(C, A) is
but multiplication by n. Q

Of course we desire to determine the natural transformation associated to the building
blocks. As stated in [Eil95|, we can determine them merely by composing *-homomor-
phisms.

Lemma 4.12 With respect to the chosen generators, the maps pQ and Y associated to
the building blocks are as follows: For C and C(S!) the map pQ is the identity and the

. . . . (1
map Y is the zero map, while for I7Y the map p0 is represented by the matrix <1> and
0 .
the map 3, by the matrix 7* (—1 1).

Proof. As Ko(C;Z @ Z/n) is generated by (1,0) = [dp] and (1,1) = [01], we get via
the splitting mappings of 4.3 the generator [don] = [id] for Ko(C) and the generator
[614] — [60t] = [01¢] for Ko(C;Z/n); for the groups Ko(C(S1)) and Ko(C(S1);Z/n) we get
the generators [ndon] = [n] respectively [nd1¢]; and for the groups Ko (I7) and Ko(I7; Z/n)
we get [ndon] = [n] respectively (1,1) = [nd1¢] and (0, (Trf—n)) = [ing pt]-

Clearly, [id] — [61¢] and [61¢] = [614¢] = 0, hence pQ = 1 and B9 = 0 for C. Similarly,
as [n] — [nd14] and [nd1i] — [nd1ee] = 0, p2 =1 and B9 = 0 for C(S1).

~

~, and as

Now the case I77: As [] — [nd1t] = (1,1), we see that p! = G) for 1

(1,1) = [nd1t] — [nd1ee] = 0 and as (0, ﬁ) = [inmpt] = [ing,net] = (0, m)[p] where
p: SC — I is f — diag(f,0.,...,0) and [¢] € KK(SC,I ) corresponds to [up]1 €

K (I};;) via the isomorphism KK(SC, —) = K (—), we get that 83 = = (-1 1). v

4.3 The invariant K(—;n)

We now define the invariant as a functor from the category of AD algebras to the category
of complexes of abelian groups. Please cf. 4.11 and 4.3.

Definition 4.13 On the class of AD algebras, the invariant K(—;n) consists of the se-
quence
oo e
Ko(=) —=Ko(—;Z/n) —=Ki(-)
along with the scale ¥.(—) C Ko(—) and the positive cones K.(—)* and Ko(—; Z®Z/n)*.

As we will no longer be dealing with K;(—;Z/n), we will skip the superscript 0 in the
naming of the maps p and 3°.

Remark 4.14 In [Eil95] a more generalized invariant K(—;o00) is defined as the limit
of the inductive I-system of complexes K(—;n), I denoting the integers N ordered as
n < m when n | m. The connecting maps of this system is induced by the maps
[iny,m]: KK(I, A ® C(SY)) — KK(I;, A ® C(S')) via the splitting maps of 4.3 as
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Ii?nm = [n][inn,m][00), Kmm = [¢][innm][idry —ndo]- and /i}nm = [n][inp,m][0o]-. One must

do some calculations to check that the diagram

Ko(A) —2"> Ko(A; Z/n) —> Ky (A)

commutes.

Since we have already determined K(A;n) when A is a building block, the following
lemma gives us the power to — in theory — determine K(A;n) for any AD algebra A.

Lemma 4.15 The invariant K(—;n) is continuous. Le. if A = lim(4;, f;), then
K.(4 7 © Z/n) = (K. (43 Z & Z/n), K, (/i Z © Z/n))
as (Z/2)?-graded groups with the positive cones preserved, as

K. ()" = UK. (K. (40,

Ko(A;Z & Z/n)" = | JKo(fi; Z ® Z/n)(Ko(As Z & Z/n) ™),

2

as well as the scale, as ¥(A) = |J, Ko(fi)(2(4;)), and with the diagram

pAi BAi
Ko(A4;) — Ko(Ai; Z/n) —— K (A;)
iKo(fi) lKom;Z/n) lm(m
A

P e
Ko(A) ——Ko(A;Z/n) —— K1(A)
commuting for any i.

Proof. As the C*-algebras C, I, and Iy are separable, nuclear, lie in the bootstrap class
and have finitely generated K,-groups, we may use 2.12 on any of the nine groups in
the diagram that in 4.3 defines the (Z/2)?-grading. And as the diagram is KK-natural,
the (Z/2)%-grading is respected. As the the maps in the diagram of 4.3 are positive, the
positive cones are respected. And the proof of [RLL00, 6.3.2] shows that the scale is
respected as stated. Commutativity of the diagram above follows from associativity of
the Kasparov product. Q

For later use, we determine K(a; k) for a few s-homomorphisms « between building
blocks.
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Lemma 4.16 Consider the maps 6o, d1: Iy — C and ing, p, iy, [ — M n (]IN).
Consider also for t € (0,1) the map &;: [7 — M, given by f — f(t). For any k we get

K(do;k) = (1,(1 0),0) and K(&1;k) = (1, (0 1),0),

and we get
n n 10 m
K(ingm,n; k) = ) T
i) = (s o (0 1) o)
and
K(in k)7<n n Ol_m)
R M em) (nom) \10) 7 (n,m)”
Furthermore,

K(64;n) = (n, (0 0),0).
Again, the matrix representations of the maps are with respect to our chosen generators
for the groups.

Proof. For clarity we expand the notation by adding superscripts to specify the domains
or codomains of the maps: ¢/: I —I7, 5ZJ 7 — C, 5J I[7 — M; and 7’ : C— I7.

As Ko(C; ZBZ/k) is generated by (1,0) = [5k] and (1, 1) [6%], we get via the sphtting
maps of 4.3 the generator [§5n*] = [id] for Ko(C) and the generator [0F:¥] — [6k:F] =
[6%.F] for Ko(C;Z/k); and for the groups Ko(I7yY) and Ko(I7'; Z/k) we get the generators
[n"05n*] = [n"] respectively (1,1) = [n"851*] and (0, (n’?k)) = [in, k"]

Clearly 0/'n™ = id, hence Ko(6]") = 1; and as K;(C) = 0, K;(6") = 0. Also, as
Stk = 6%k we obtain Ko(6%%; Z/k)([n"65*]) = [6%.F], and as (6 @ Mﬁ)inn’k =
diag(6F, ..., o) we obtain Ko(67; Z/k)([in, x*]) = o, )[5k i¥]; and hereby we can con-
clude Ko(6%;Z/k) = (1 0) and Ko(67;Z/k) = (0 1) as 65 = 0.

Notice that [ing, 7" = [nman"] = 1™ @ Mﬁ] = mr [n™], hence Ko(ing,,) =

Ko(ing,n) = (n;‘n). As for Ko(ing, n; Z/k) and Ko(ing, »; Z/k), we first notice that

n
(™)

[inm,nnn(slﬂ = [Emﬂmn(s]ﬂ - [nmélf ® M(nzn)] -

(n,m

~—

hence Ko (in, n; Z/k)(1,1) = Ko(ingn; Z/k)(1,1) = )(1, 1), and second we see that

)inn,k] = [inm,kz @M nimp) ]
(n,k)(n,m)

(im0 @ M g,

Z

)inn,k] = [Bm,k Q M n(m,k) ]

(n,k)(n,m)

whereby it follows that Ko (inn,.; Z/k) (0, nk) ) = Gt (0, k) = Gy (0, ) and

(s © M s,

Z

similarly Ko (i, »; Z/k)(0, nk)) = (n”;‘?l)((mk),O), and it hereby follows that the maps

have the claimed matrix representations. As for Kl(inm n) and K (iny, ), we consider the
generator [u,]; and notice that [in,, ,(un))1 = (n ) [diag(wm, L,y -+, L)1 = %[Umh

ES

and [ing, »(un)1 = ﬁ[umh = —%[umh, cf. 4.7.
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Finally, as 6;'n" = diag(id,...,id), Ko(6}') = n; and as K;(C) = 0, Ky(67") = 0.
Now, 'm0 = diag(d7e", ..., 67¢) which is null homotopic according to 3.1, hence
Ko(675Z/n)([n™67"]) = 0. And 67in, 0" = §;¢" is homotopic to 0 via the point-wise
continuous path s +— ;" of *-homomorphisms, so Ko(67'; Z/n)([in, nt"]) = 0. Ergo,
Ko(6]5Z/n) = (0 0). Q

Remark 4.17 Via the unital embeddings C — C(S') and C — I, the homomorphisms
o and &; induce maps in Hom(K(IY; k), K(C(S1); k)) and Hom(K(I); k), K(Iyy; k)) of
the form

(1,(1 0),0) and (1,(0 1),0),

(1,(1 8),0) and (1, (8 D,O).

As we have decided to let 17 denote any unital embedding of C, we will be naming both
these pairs of maps [ndg] and [1d1], and hopefully this will not cause any confusion as we
are never dealing with both Hom(K(I'Y; k), K(C(S'); k)) and Hom(K(IY; k), K(Iry; k)) at
the same time.

and
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5 Insufficiency of ordinary K-theory

In this section we construct two nonisomorphic real rank zero AD algebras B° and
B! with (K. (B%),K.(B%)*,%(B%) and (K.(B'),K.(BY)*",%(B)) being identical, thus
showing that ordinary K-theory is insufficient when it comes to classifying real rank zero
AD algebras.

The example also shows the strength of K-theorical invariants, as we show that B°
and B! are nonisomorphic by showing that the ordered groups Ko(B%Z @ Z/n) and
Ko(B';Z® Z/n) are nonisomorphic, ordered groups being much easier to deal with than
C*-algebras.

Lemma 5.1 Given n,m € N with m # 1, consider the subgroup

G= {(m, (vi) € Z[L] @ HZ ' yi = nm'z eventually}
€N

of RN, equipped with the standard point-wise order on RY. Then the order-automor-
phisms of G are exactly those of the form

Yo (2, (¥i) = (2, (Yors))
for some permutation o € {7 € Sy | 7(i) = i eventually}.

Proof. Clearly, any such ¢, is an order-automorphism. Now, let ¢: G — G be an order-
automorphism, and let us construct o € Sy such that o(i) = i eventually and ¢ = .
Define

dj = (0, (0i5)) € G,

where § here denotes the Kronecker delta. Notice that the minimal positive elements
of G — ie. those g € G for which 0 < g < g implies 0 = g — are {d; | j € N}. As
¢ is an order-automorphism, ¢({d; | j € N}) = {d; | j € N}, and we can therefore
define a permutation o € Sy by ¢(d;) = d,-1(j). Notice that by this definition, ¢(d;) =
(0, (dic-1¢5))) = (0, (65(1)5)) = ¥o(dy).
Consider
e = (1, (nm") = (1, nm,nm? nm? nm*,...) € G.

We desire to show that o(e) = (1, (nm?®)). Denote ¢(e) = (w,(z)), and notice as
(w, (z;)) > 0 that for each j € N, e > nm”(j)dg(j) and (w, (z;)) > zjd;. From the first
inequality we obtain

(w, (20)) = ple) = p(nm”Vdy)) = nm?Vd;,

hence z; > nmg(j)(sij for each ¢, in particular z; > nm?). And from the second we
obtain

e=¢ Hw,(2)) = ¢ (zjd;) = zjdy(j),

hence nm! > 2j0iq(;) for all 4, in particular nm0) > zj. Ergo zj = nm?U) for all j.

)

29



As p(e) € G, we can find an iy such that nm®® = nmiw when i > ig. In particular,
nm?0tk) — pmiotky = pmaGo)+k hence o (ig + k) = o(ig) + k for all k > 0, ergo
O‘({io,io + 1,50+ 2,20 + 3, .. }) = {O‘(io),O’(’io) + 1,0‘(i0) +2,.. }

S0 as o is bijective,

o({1,2,.. . ig —1}) = {1,2,...,0(ig) — 1},

hence o(ip) = ip. From this, it follows that o(i) = ¢ when ¢ > iy, and that w = 1 as
nm' = nm®w and Z[L] is torsion-free.

Now, we have seen that p(d;) = ¢s(d;) and p(e) = ¢s(e). Let

k+1 k+2
2= (2,91, ., Y, xnm T anm 2 ) e G

be given, and let us conclude that ¢(z) = ¢,(z). Now, as
k .
nmFHlz = znmFtle + Z(yj — anm?)nm*d;,
j=1

k+1 k+1

we see that nm" "t p(z) = nm" s (2), hence p(2) = vy (2) as G is torsion-free. V)

Example 5.2 Let n € N\{1}, define m =n +1, and let ¢ € (0,1) be given. Define maps
g% gt I — M, by ¢° = diag(do,...,d) and g' = diag(do,d1,...,01), and f: I} —
M, () by f = diag(id, (M,, ® 1)d).

By 4.16, K((M,, ® n)d¢;n) = ( oY

(g 0> ,0), and therefore

Klg'sn) = (n01,0) and K(fim) = (m. (5 1))

with 7 =(0 0)andy'=(1 n—-1)=(1 -1).
Define for [ € {0,1} C*-algebras Al as

and maps f/: Al — AL, as
f{(a) = (f(a)’gl(a))7 fil(ala s 7ai) = ((Mmifl ® f)(al))QQ) ey Qg (Mmi71 ®gl(a1))’

and define A = li_n>1(A?, f2) and A! = li_n>1(A}, f1). We now desire to determine the
ordered groups Ko(ALZ @ Z/n) and K, (AY).
The inductive systems (G%, g!) = (Ko(AL), Ko(f})) are as follows:

Gé =7, gf(:cl, cooymi) = (mxy, T2, ..., T, NTY)
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By defining
G = {(a:, (vi) € Z[L] @ HZ ’ yi = nm'z eventually}
€N
and maps cpé: Gé — G as
(x1,..., @) = (=, T2,..., i, nw1, nMmx1, M 1, .. ),
we see as @f = ol gl and as ker o} = 0 C kergl_; and J;im¢} = G, that (G,¢!) =
lim (G, g7).
As for Ki(AY), the inductive systems (K (A}), K1(f}!)) are the system

Zin—>7/n—>7/n—5>7/n—57/mn—Lw. ..,

hence K (A') = Z/n. Notice that the systems (K. (AL), K.(f!)) have large denominators
as, using the notation of 3.6, Ko(m,) Ko(f!) Ko(1s) = m > 3 when Ky () K1 (f}) K1 (ts) #
0.

The inductive systems (H!, hl) = (Ko(AL; Z/n), Ko(f} Z/n)) are

1)
Hll = (Z/n)i'ﬂ, hé(l’l, ce. ,xi—i-l) = (xla <oy Litl, l(l’l - :UQ))
Define groups

H!' = {(a, b,(c:)) €Z/neZine [[Z/n

€N

ci=lIl(a—0) eventually}

and maps 1/1%: Hf — H' as

(1, zit1) = (z1, .. @i, Wz — x2), (2 — 22), .. ).
As kerpt =0 C kerhfxm- and |J; im+! = HY, (H!, ) = h_n>1(HZl,hi)

Let us now determine the positive cones in Ko(A; Z@Z/n) and K, (A!). As K, (AD)T =
{(z1,... 25, 2) €EZ'®Z/n | 2, > 0, (x1 #£ 0V 2z =0)}, we see that

(GO Z/n)* = (! @ idyn)(Ku(AD ) = {(x, (5),2) | 2 0,53 2 0, (¢ £0V 2 = 0)}.
i€N

And as Ko(ALZ @ Z/n) T equals
{(z1,...,24,21,...,2i+1) € 7@ (Z/n)i+1 | x1 > 21 > 0,21 > 29 > 0,2 > 2511 > 0},
we get that

(GoHY = o) (Ko(ALZ D Z/n)")
1€EN
={(z, (yi),a,b,(c;)) |z > 0,(x #0Va=0b=0),y; > ¢; > 0}.
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Lemma 5.3 Consider the two C*-algebras A” and A! defined in 5.2. Then the ordered
groups Ko(A% Z @ Z/n) and Ko(A'; Z © Z/n) are not isomorphic.

Proof. Assume, seeking a contradiction, that (o, ¢): Ko(A%Z @ Z/n) — Ko(AYZ @
Z/n) is an order-isomorphism.

As in 5.2, we let G denote the ordered group Ko(A%) = Ky(A'), and let H® and
H' denote the ordered groups Ko(A%; Z/n) and Ko(A'; Z/n) respectively. See 5.2 for
descriptions of G, H° and H', and of the positive cone in G @ H° and in G & H'.

First of all, we notice that we may assume that ¢y = id. According to 5.1, there exists
a permutation o € Sy so that ¢o(z, (y:)) = (7, (Yo(;)) for all (z,(y;)) € G. By defining
¢: H — H° by (a,b,(c;)) — (a,b, (cy(i))), We see that (pot,9): G HY - G HY is
an order-automorphism. Hence (pop, ', p@) is an order-isomorphism.

Ergo, without loss of generality, we may assume that we have an order-isomorphism of
the form (id, p): G® H® — G @ H'. To reach the desired contradiction, let us show that
¢ cannot be injective. Define for each j € N an element z; € G, and define e, es € HY,
as

z; = (1, (nm(1 = 6;))),
e1 = (1,0,0,0,0,0,0,0,...),
es = (0,1,0,0,0,0,0,0,...),

where § is the Kronecker delta. Write ¢(er) = (ay, by, (cF)), using minimal representa-

tives. For any j € N, we see as (zj,e1) and (xj,ez) are positive, that (x;,p(e1)) and

(z,p(e2)) are positive. Hence, for all 7,7, nm?(1 — d;;) > ¢ > 0, so by choosing i = j,

we see that cf = 0 for all i. Now, as ¢(e;) € H', cf = aj — by, eventually, hence a; = by.
Consider the elements ase; and ajes in HY. Clearly, ase; = ajeg, but

v(azer) = az(a,a1,0,0,0,...) = ai(ag,az,0,0,0,...) = p(ajes).
Q

The proposition below improves the above result by adding the requirement that the
C*-algebras are of real rank zero.

Proposition 5.4 Consider the two C*-algebras A° and A' defined in 5.2. Then there
exist real rank zero AD algebras B® and B! where for each | € {0,1} the ordered
group Ko(BY;Z @ Z/n) is isomorphic to Ko(A'; Z @ Z/n) and the ordered group K, (B?)
isomorphic to K.(A"). In particular, K.(B°) and K.(B') are isomorphic as ordered
groups, and ¥ (BY) = (B'), but B® and B! are not isomorphic.

Proof. As the inductive systems (K. (A%), K.(f!)) have large denominators, we get by 3.9
inductive systems (Aék, gt) with real rank zero limits and satisfying for each { € {0,1}
that (Aﬁk,gfc) is KK-shape equivalent to (AL, f!). Denote B! = h_n)l(Aék,gfc) ® K (?(N)).

By continuity of K(—;n), cf. 4.15, we see by arguing as in 3.11 that the ordered
group Ko(B';Z @ Z/n) is isomorphic to Ko(A';Z @ Z/n) and the ordered group K, (B!)
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isomorphic to K.(A'). By 5.2 we conclude that K.(BY) and K,(B') are isomorphic,
by 5.3 we see that Ko(BY,Z®Z/n) and Ko(B';Z ® Z/n) are not, and as B and B! are
stabilized, $(B°) = £(B). v
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6 Taking advantage of the UCT

In this section we prove the main theorem, namely that under some conditions on the
AD algebras A and B, any isomorphism between K(A;n) and K(B;n) may be lifted to
an isomorphism between A and B. Firstly, we therefore define the notion of K(A;n) and
K(B;n) being isomorphic.

Definition 6.1 By Hom(K(A;n),K(B;n)) we denote the set of triplets (pq,p,p1) of
group homomorphisms fitting into the commutative diagram

&

Ko(A) > Ko(4; Z/n) 2 Ky (4)

Joo |+ Jo

o8

Ko(B) —2"> Ko(B: Z/n) —"= K1(B).

We let Hom(K(A;n),K(B;n))" denote the subset consisting of the triplets for which
(©0, ) and (g, ¢1) are positive maps. And by Hom(K(A;n), K(B;n))"* we denote the
subset of positive triplets for which ¢g(X(A)) C X(B). A triplet (¢o, ¢, 1) is said to
be N-large if (@0, 1) is. We consider K(A;n) and K(B;n) isomorphic if there exists
(v0, @, p1) € Hom(K(A;n), K(B;n))™> with the maps g, ¢ and ¢; being bijective and
(o't 91 h) € Hom(K(B;n), K(A4;n)) ">,

As the maps p, and (3, are defined as Kasparov multiplication from the left with
certain KK-classes, there is for every pair A, B of AD algebras a positive homomorphism

I': KK(A, B) — Hom(K(A4;n),K(B;n))

given by Kasparov multiplication from the right. By the Universal Coefficient Theorem
(2.11) we notice that for any pair of maps (¢g,¢1): Ki(A) — Ki(B) there is a map
¢: Ko(A;Z/n) — Ko(B; Z/n) such that (o, ¢, p1) € Hom(K(A4;n), K(B;n)).

6.1 On building blocks

It turns out that we can say quite a lot about the map I'™ in the case where A and B are
finite direct sums of (matrix algebras over) building blocks. All proofs are from [Eil95].
We start out with A and B just being building blocks, first the case A = C(S!) and then
the case A =17. The last case is annoyingly technical on the level of minor details.

Lemma 6.2 If K, (A) is free or K. (B) is divisible, then the map
I': KK(A, B) — Hom(K(A4;n),K(B;n))
is an isomorphism.

Proof. In either case, Ext!(K,(A),K,41(B)) = 0 whereby injectivity of I'™ (and in the
case n = 1 also surjectivity) follows from the UCT (2.11).
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As for surjectivity when n > 2, let (¢o, ¢, 1) € Hom(K(A4;n), K(B;n)) be given. By
UCT we get an o € KK(A, B) such that I'(a) = (vo, @, ¢1)- By exactness of the rows
in the following commutative diagram

Ko(A) —" Ko(A) —2n Ko (A Z/n) —m Ky (A) — Ky (A)

% b

B
Pn

we will obtain ¢ = ¢. If K.(A) is free, then n: Ki(A4) — Ki(A) is injective and p
therefore surjective. As @p2 = pByy = ¢p2, ¢ = ¢ then follows. If K,(B) is divisible,
then n: Ko(B) — Ko(B) is surjective and B therefore injective. As B¢ = 182 =
B3, o = @ then follows. Q

Lemma 6.3 Given k,n,m € N with n,m # 1, the map

r*: KK(IY,I7) — Hom(K(IY; k), K(I; k))

n»-m

is surjective. The map I'* is injective if and only if n | k. Furthermore, given any
a € KK(IY,I'>) one can find z,y,d € Z with =2~ | y and 0 < d < n such that

nyom (n,m)
. z 0 11

for all k > 2, and for a fixed k the factor d will be unique modulo (n, k).

Proof. Recall from 4.7, 4.9 and 4.12 that the diagram an element ® = (¢g, ¢, p1) €
Hom(K(I7; k), K(I; k)) must make commute, is the following

(1) 21 1)

Z Z(n; k) Z/n
i% () | 2 |-
Z Z(m; k) Z]m

where Z(I;k) = {(z,y) € Z/k ® Z/k | x = y (mod ﬁ)}. By UCT (2.11) we can find
a € KK(I7,Tr) such that ® — I'*(a) = (0, ¢, 0) for some @.

mni»-m
For any d € Z we consider the map

ba=d (j D P Z(nik) — Z(m; k)

and notice that it is not only well-defined but also (0,4,0) € Hom(K(I7; k), K(I7; k)).
Clearly ¢q = 1. exactly when d = e (mod (n, k)). By 4.16 we see that ¢y = T'*(d([nd1] —
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[n60])) € imT*. Now, we wish for ¢ = 14 for some d. Notice that (1,1) and (0, (nkk))

generate Z(n; k), so if @((0, (Tkk))) = (b, ¢) then

_ (n,k)b  (n,k)b
P k k
P=1_ (ke (ke

k k

—

as ¢((1,1)) = 0. Now, as 7*(c —b) = 0 in Z/m, we conclude that k | (c —b). And as

(0, (nkk)) is of order (n,k) in Z(n;k), we conclude that (n, k) annihilates (b,c), hence

ﬁ | b. We may therefore write b = dﬁ and ¢ = eﬁ where d = e (mod (n, k)),
and it follows that ¢ = ¥g = ..

Hence ® — I'*(a) € imT'*, and we may conclude that T'* is surjective. Furthermore,
since K, (ndo) and K, (iny, ) generate Hom(K. (L), K.(I},)), cf. 4.16, we may conclude
that K(ndo; k), K(nd1; k) and K(inp, »; k) generate Hom(K(I; k), K(I7; k).

Now, if n | k, then (n, k) = n and Hom(K(I'; k), K(I'>; k)) therefore contains at least
(n, m)n torion elements, namely those of the form I'*(ay) +14 where oy € KK(IY, 1Y) is a
lift of (0, ﬁl): K. (IY) — Ki(Iy) and (I,d) € {1,...,(n,m)} x{1,...,n}, and at least
one non-torsion element, namely T'*(a) where « is a lift of (1,0) € Hom(K, (I7), K.(I)).
As I'* is surjective and maps from a group which by UCT (2.11) is isomorphic to the
group Ext'(Z/n,Z) ® Z& Z/(n,m) = Z/n ®Z & Z/(n,m) and therefore has exactly one
free part and exactly (n, m)n torsion elements, I'* must be injective.

On the other hand, if n doesn’t divide k, then (n,k) < n hence ¥, 1) Z(n;n) —
Z(m;n) is non-zero and therefore (n,k)([nd1] — [ndo]) # 0. However I'*((n, k)([nd1] —
[760])) = @) =0 as (n,k) =0 (mod (n, k)), hence T'* is not injective.

As for the last claim of the lemma, given an o € KK(IY,I'>) we notice that I'"(«) =
(0, , 1) where the part (¢g, 1) must have the form (z,y) with —2~ |y as p1: Z/n —

(n,m)

Z/m. By not too many difficulties one can show that

~ x 0
AR

defines a map ¢: Z(n;k) — Z(m;k), and one easily checks that (¢o,@,¢1) lies in
Hom(K(I; k), K(I7; k)), hence I'"(a) — (g0, @, ¢1) = (0,14,0) where we may choose
0<d< (n,n) =n. Now, define @ = (z — 2)[ndo] + L™ [in,,, ] + d([nd1] — [n60]).
As TFE(a) = (a, - _xw 793;) +d (:1 i) ,y) for any k > 2, we see in particular that
M) = I'"(a) Whergllay we conclude that & = & as ™ is injective, and the desired
follows. Q@

Quite similarly, also using 4.16, one can show the following.

Lemma 6.4 Given k,n € N with n # 1, the map

% KK(I7,C(SY)) — Hom(K(I; k), K(C(SY); k)
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is surjective. The map I'* is injective if and only if n | k. Furthermore, given any
a € KK(IY,C(S1)) one can find z,d € Z with 0 < d < n such that

I'*(@) = (z,(x 0)+d(-1 1),0)
for all k£ > 2, and for a fixed k the factor d will be unique modulo (n, k).

As we want to lift isomorphisms in Hom(K(A; k), K(B; k)) to isomorphisms A — B, it
is of interest for us to lift positive homomorphisms in Hom(K(A4; k), K(B; k)) to elements
in KK(A, B)". We start out with a special case and then use it to prove the claim in
the general case.

Lemma 6.5 Given ® = (¢, p, 1) € Hom(K(I7; k), K(A; k)T with A € {I7,C(S1)}
and @1 = 0, one can find ag, a; € Ny such that I'*(ag[ndo] + a1[né1]) = @.

Proof. Consider first the case A =1I. According to 6.3 and as y = 0, ® is of the form

r—d d
where we may choose 0 < d < (n, k). We notice that the positive element (ﬁ, 0, (kkn)) €

Ko(IY;Z ® Z/k)" is mapped by (g, ) to the element ((,fj;) , %, %) of Ko(In;Z/) @
Z/k) which must be positive as (¢o, @) is positive, whereby we conclude that x > d as
0 <d <k, cf. 4.9 and the definition of Z &> Z(m; k). By setting ap = x —d and a1 =d
we therefore obtain ag, a1 € Ny, and I'*(ag[ndo] + a1[nd1]) = ® according to 4.16.

The case A = C(S!) is dealt with almost identically. By 6.4 we can find 0 < d < (n, k)

such that

®=(z,(x 0)+d(-1 1),0),

and as (ﬁ,O,ﬁ) is mapped to (%, %) we again obtain d < x as the group

Ko(C(SY);Z & Z/k) is isomorphic to Z &> Z/k. By setting ap = ¢ — d and a; = d we
obtain the desired, cf. 4.16. Q

Lemma 6.6 If n divides k, then given ® € Hom(K(I};k),K(I);k))" one can find
ao, a1, az, az € Ng such that T*(ag[ndo] + a1[nd1] + az[ing.n] + azling,]) = @.

Proof. As n | k, we can write k = an with a € N. By 6.3 we get that ® is of the form

x 0 -1 1
o=, T ) ra(5) )

where we may assume 0 < y < m and 0 < d < n, and where % | y.

As (a,0,a) € Ko(Iy,Z ® Z/k)", we conclude that the image (za,da,a(%2 + d)) is
positive. Since 0 < d < n, we see that 0 < ad < an = k, which means that ad is the
minimal representative and we may conclude that ad < ax, hence d < x. Now, a(%2 +d)
may not be the minimal representative, as we only know that 0 < a(% +d) < an+an =

2k. We consider the cases 0 < a(?¥ +d) < k and k < a(22 4 d) < 2k seperately.
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If0 < a(*¥ +d) <k, then a(*¥ +d) < ax hence 2¥ +d < z. As Tamy | ¥ We can write
Yy = zﬁ with z € Ng, and define

Sy [z 0 L
O =& — zK(ing,n; k) = (z m’<$—7;f 0 +d 11 ,0).

We want ® to belong to Hom (K (I k), K(I7,; k)™ as this will allow us to use 6.5. As
z—"2 > d >0, the K,-part of ® is positive. The four generators of Ko(I;; Z®Z/k)" are
(1,0,0), (1,1,1), (a,0,a) and (a,a,0) as a = ﬁ, and they are mapped to (z—%£,0,0),
(=22 x—"2 o —") a(x—7%,d,d) and a(z — 22, — 7Y —d, x — 7% —d) which therefore
are the four elements we desire to be positive. The two first elements are clearly positive,
and as x > 7Y 4 d gives us that a(z — 7¥) > ad > 0 and a(z —22) > alx — 72 —d) >0,
the two last elements are positive as well. Therefore ® is positive and 6.5 provides us
with ag, a1 € Ng such that Fk(~a0 [ndo] + ai[ndi]) = @, and by setting az = z and a3 =0
we obtain the desired as ® = ® + 2z K(in, »; k).

If £ < a(™ 4+ d) < 2k, then a(?¥ 4+ d) — k is the minimal representative, hence
0<™4d—n<n,and 2 +d—n <z asthen a(3Y —d) -k < ax. Write m—y = zﬁ
with z € Ng, and define

- — ny T W n -1 1
@z@—zK(lnmm;k):(x—n—Fm,<x_n m% >+d<—1 1),0).

Again we desire ® to be positive. The K,-part is positive as  —n + W>d-n+22>0.
The four generators of Ko(Iy; ZHZ/k)* are mapped to (x —n+7£,0,0), (z—n+ 72,z —
n+2 x—n+2) a(z—n+2, 2 —n+d, 2 +d) and a(z—n+22, x—d,x—n—d). Again
the two first elements are clearly positive, the third element is positive since an = k and
0<a(*) —n+d) <alx—n+7) as d < x, and the fourth element is positive since
an="kand 0 <a(r—d) <alr—n+7%)as0<d—-n+7Y Hence d is positive and 6.5
provides us with ag,a; € Ny such that ® = I'*(ag[ndo] + a1[nd1]), and by setting ap = 0
and a3z = z we obtain the desired. Q

The lifting result for finite direct sums of matrices over building blocks can now be
achieved. It is one of the key tools in the proof of the main theorem.

Proposition 6.7 Let A and B be finite direct sums of matrix algebras over building
blocks. If N exceeds the maximal size m of dimension drop algebras I, occuring in A,
then

I"™(KK(A, B)™*) D Hom(K(A;n), K(B;n)) ™=,

Proof. Firstly, we consider the case where A = M (C) and B = M;(D) are matrices
over building blocks C' and D. Let ® = (pg,¢,¢1) € Hom(K(A;n),K(B;n))T>N
be given. Notice that ¢¢ is multiplication by some z € Z since Ko(A) = Ko(B) =
Z, that x > 0 since g is positive and Ko(A)" = Ko(B)" = Ny, and that zk < I
since g respects the scales and X(A) = {0,...,k} and X(B) = {0,...,l}. So, if we
can find a *-homomorphism a: C — M,(D) such that K(a;n) = &, we can define
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a = diag(a ® 1x,0,...,0): Mi(C) — M;(D) as xk < [, and the desired will follow as
[@] € KK(A, B)t* and K(&;n) = K(a;n) = ®.

The construction of a: C' — M, (D) depends on what kinds of building blocks C' and
D are. We consider first the case where both €' = I and D = I} are dimension drop
algebras. As by stability ® € Hom(K(C;n), K(D;n))™", we get by 6.3 that

x 0 -1 1
7y 8o )

for some d,y € Z with 0 < d < (n,m) and 0 < y < p. We consider the two cases
y = 0 and y # 0 separately. If y = 0, then 6.5 gives us ag,a1 € Ny such that
I (ag[ndo] + a1[nd1]) = ® and thereby in particular z = ag + a1, so we may define
a = diag(ndo, . . ., 100, Nd1, . ..,nd1): C — My(D) to consist of first ag copies of ndy and
then aj copies of nd1, and clearly K(a;n) = ®. If y # 0, then z > N > m as (po, 1) is
N-large. We notice now that in this case

0 -1 1

(z, (ac _xM my> +d (1 1> ,y) € Hom(K(C;m), K(D;m))"
PP

as the generators (1,0,0), (1,1,1), (1,0,1) and (1,1, 0) of Ko(C; Z&Z/m) T are mapped to

(2,0,0), (z,z,x), (z,0, %) and (z,x,x— %) which are all positive as z > m > % > 0.

We may therefore conclude by 6.6 together with 6.5 that there is ag, a1, a9, a3 € Ny and

0 < d' < m such that

_ _ 0 11
Caolo] + alo] +aalingn] + asfipnl) = o2 (o T )+ (] 1)
p p

for all ¢ and where d’ = d (mod (m,m)) as

™ ofrio] + 561+ v + i) = o (, g ) +4(5 )

Notice that x = ag Kg (7)60)+a1 Ko (7’](51)-}-@2 Ko (inp,m)ﬂ—ag Ko (Ep,m) = ao-f-al-l-%(ag—i-

az), hence as ing, ;,in, m: C — M = (D) we may define our #-homomorphism as o =

diag(ndo, - - -, 180, 701, + -\ NO1, Mp gy -+« 3 Npmy Mp sy - - -, ) 1 C — My (D) consisting
of ag copies of ndy, a1 of d1, as of inym, and az of iny .. As d =d (mod (n,m)), we
see that K(a;n) =T"([a]) = ©.

If C =1y and D = C(S'), then similarly 6.5 gives us ag, a; € Ny such that I'™(ag[ndo]+
ai1[nd1]) = @, hence ag + a; = = and we define o = diag(ndo, ..., ndo, nd1,...,ndé1): C —
M, (D) and obtain K(a;n) = ®.

If C = C(SY), then the proof of 6.2 tells us that ® is dictated by (g, ¢1), hence we
need only find a: C — M,(D) satistying K.(a) = (vo,p1). Write (po, 1) = (z,9),
and notice that since (¢o, 1) is N-large, x = 0 will imply y = 0 in which case « = 0
will do, hence we may assume that z > 1. Consider the element v € C(S!) given by
u(t) = t, and notice that u generates C(S!) as a C*-algebra, hence we may define a unital
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s-homomorphism «: C — M, (D) merely be defining a(u), as long as «(u) is set to be
a unitary element. In the case where D = C(S'), we define a(u) = diag(u?,1,...,1).
And in the case where D = I, we define a(u) = diag(up,1,...,1), where u, € I is
defined as u,(t) = diag(e*™,1,...,1). As 1 generate Ko(C(S')) and Ko(I;), we see that
Ko(a) = = in both cases, and as u generate Ki(C(S")) and u, generate K;(I}'), we see
that K;(a) = y. Hence we have obtained K(a;n) = ® in both cases.

Secondly, in the general case we have A = A1 ®--- ® A, and B = B; @ --- By,
being finite direct sums of matrices over building blocks. Consider the canonical in-
jections and projections Lf: A; — A, L]-B: B; — B, 7rzA: A — A; and TI‘J-B: B — Bj,
and notice how for any ® € Hom(K(A;n), K(B;n))H*" we have K(ﬂf; n)®K(4;n) €
Hom(K(A;n),K(B;n))"*N. By the above shown we may lift to *-homomorphisms
aji: Ay — By satisfying K(oyi;n) = K(ﬂ'jB;TL)(I) K(:4;n), and by defining a: A — B as
a=y, Lf}ajmf‘ we achieve K(a;n) = @, cf. 2.9. Q@

6.2 Completeness of K(—;n)

As mentioned, the main result is that any isomorphism between K(A;n) and K(B;n)
may be lifted to an isomorphism between A and B, when the AD algebras A and B
satisfy some demands. One of the demands being that ntor K;(—) = 0, which means
that (3, is surjective on the torsion part of Kj(—) and therefore in a sense keeps track of
it. The proof is from [Eil95], and but a few details have been added, in particular when
dealing with the claim that ntorim K;(f;) = 0 may be assumed.

The strategy of the proof is quite standard, namely to pull back the isomorphism of
the K-groups to homomorphisms of the K-groups of the finite direct sums of matrices
over building blocks, and then lift these to a KK-shape equivalence that will induce the
desired isomorphism of the C*-algebras.

Theorem 6.8 The invariant K(—;n) is strongly complete for the class of real rank zero
AD algebras with ntorK;(—) = 0.

Proof. Let real rank zero AD algebras A and B be given, and assume that ntor K;(A) =
0, ntor K;(B) = 0, and that ® = (o, ¢, 1) € Hom(K(A;n), K(B;n)) an isomorphishim
is given. Let inductive systems (A;, f;) and (B;, g;) of matrix algebras over building blocks
be given, and assume that A =lim(A;, f;) and B = lim(B;, g;).

We wish to invoke theorem 3.12 to prove the existence of an isomorphism «: A — B
satisfying K(a;n) = ®, and we therefore construct a suitable KK-shape equivalence of
subsystems of (A;, f;) and (B, g;)-

Recall that the groups Ko(4;), Ko(A;;Z/n) and Ky (A4;) are finite direct sums of cyclic
groups, cf. 4.9 and 4.7. Recall also that by 4.15, K(—;n) is continuous.

First of all we notice that we can assume that

ntorimK;(f;) =0 and ntorimK;(g;) =0

for any i. To see this, consider the subgroup G = {z € K;(4;) | Ki(fxo,)(z) €
tor Ki(A;)} of Ki(A4;). Recall that any submodule of a finitely generated Z-module
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is finitely generated, as Z is a principal ideal domain. So as K;(A;) is finitely gener-
ated, so is G, and we let x1,...,z,, denote a set of generators for G. For each z, we
have Ki(foo,i)(z,) € torKi(A) and thereby nK;i(foo,i)(x,) = 0, hence we can find a
Ju = i such that nKi(fj:)(x,) = 0 whenever j > j,. Put j = max{ji,...,jm}, and
the claim is that ntorimK;(f;;) = 0. For any € Ki(A4;) we see that if Kq(f;)(x) €
tor Ki(A;) then z lies in G and is therefore on the form x = njx1 + - - - + nyx,, whereby
nKi(fj:)(z) = 0 follows as nKq(f;i)(xz,) = 0. Now, as we for any ¢ can find a j > 4
such that ntorim Ky (f;;), we see that by discarding some A;s and renumbering, we may
assume n tor im Ky (f;) = 0 hold for every 7. Similarly we may assume n torim Ky (g;) = 0.

We know describe how one for each i can construct a j > i and a ¥ = (¢, ¥, 91) €
Hom(K(A;;n), K(Bj;n)) T2 satisfying K(goo j;n)¥ = ®K(fs,i;n) and where N de-
notes the maximal size m of dimension drop algebras I7;, occuring in A;.

We begin by constructing a homomorphism v: Ko(As;Z/n) — Ko(Bj;Z/n) satis-
fying Ko(9oo,j; Z/n)Y = ¢ Ko(fo,i; Z/n). Let z1,..., 2, denote generators for the m
summands of Ko(A;;Z/n). For each x, we can find a j, such that ¢(Ko(f,i)(zu)) €
im Ko (9,5, ) and thereby a y, € Ko(Bj,;Z/n) with o(Ko(feo,i)(®u)) = Kol(goo,j.) (Uu);
and if ,, is a torsion element of order k then since ¢(Ko( foo,i)(kzy)) = 0 we can obtain
ky, = 0 by choosing j, sufficiently large. Putting j = max{ji,...,jm} we can now de-
fine a homomorphism v¢: Ko(A;;Z/n) — Ko(Bj;Z/n) by x, — Ko(gj,j,.;Z/n)(y.) and
expanding by Z-linearity. This j will probably not be large enough to satisfy our further
demands, and each time we replace j by a larger ;' it is implied that ¢ is replaced by
Ko (g3 Z/n)0.

The maps ¢o: Ko(Ai) — Ko(Bj) and 91 : Ki(A;) — Ki(Bj) are constructed similarly
by replacing j with a number sufficiently larger. We wish for (g, 1) and (¢o,%1) to
be positive, and as Ko(A;;Z/n)T is finitely generated, as (¢o,¢) is positive, and as
Ko(B;Z & Z/n)* = limKo(By; Z @ Z/n)*, we see that (to,4) will be positive if we
choose j sufficiently large. Since K,(C(S1))* isn’t finitely generated as K. (I3)T is, it
seems harder to make (¢, 1) positive. But notice that if (z,y) is a positive element
of K, (C(S1)) or K« (I7), then (x, ky) is as well for any k € Z. As any positive element
of K.(C(S1)) can be written as a finite sum of elements of the form (1,%), we conclude
that (1o, 1) will be positive on a summand of the form K, (C(S')) if it is positive on the
summand’s element (1,1). We can thereby make also (¢g,v1) — and thereby the entire
triplet (1,1, 11) — positive merely by choosing j large enough.

And as ¥(4;) is finitely generated and (B) = lim ¥(By), 1o will preserve the scale if
we choose j large enough.

To obtain pfj Py = wpfi and ﬁf I = ﬁ,‘?i, we only need to achieve it on the finitely
many generators, and as

B .
Ko(goo,j3 Z/n)pn’ 1o = pE oo Ko(foo,i) = wpia Ko(foosi) = Ko(goo,js Z/n) i

and Kl(goovj)ﬂfjl/; = Ki(gooj)¥132, we only need to replace j by a step sufficiently
larger.

As we want (1o, 1) to be N-large, we let lemma 3.8 provide us with a j’ such that
Ki(gj ;) is N-large.  Being positive the maps (1o, 1) and K.(gj ;) will be of the
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form ((xys), (yrs)) where x5 > 0 and x5 > 0 when y,s # 0. Using this one can show
by matrix multiplication that K.(g; ;)(¢0,%1) is N-large, and by replacing j with j’
we obtain ¥ = (¢, 1, 91) € Hom(K(Ai;n),K(Bj;n))J“E’N. By a similar argument we
notice that with this new j the map K. (g; ;)(¢o, ¢1) is N-large for any j" > j.

Using the same procedure we can construct a U € Hom(K(Bjt1;n), K(Ag;n))H=M
with K(foor;7)¥ = ® 1 K(goo j+1; 1) Where M denotes the maximal size m of dimension
drop algebras I}, occuring in Bjy1. And as

K(fooi;n) = DK (goo ;1) W = K(foor;n) U K(gj; 1)

we can, by choosing a larger k, assume that K(f;n) = U K(gj;n)W.
Now, by using this construction recursively, discarding A;s and Bjs and renumbering
as we proceed, we obtain a commutative diagram

K(f1;n) K K(f2;n) K K(f35n) K K(fa;n) '“K(foo,i;n)K

K(415n) (A25m) (As;n) (Ag;n) (A;n)
i‘l’l \iflT \L\IIQ q)lﬂl@
K(B1;n) M K(B2;n) M K(B3;n) M K(Byg;n) Kigain) . .K(g‘”’“”)K(B; n)

with homomorphisms ¥; € Hom(K(Asg;n), K(Byi;n)) > and homomorphisms ¥; €
Hom (K (Baiy1;n), K(Ag;11;n))H*Mi where N; and M; denote the maximal size m of
dimension drop algebras I occuring in Ag; respectively Bajt1.

Proposition 6.7 gives us homomorphisms 1;: As; — Bo; and @Zz Bjt1 — Agiqq satis-
fying K(1s;n) = ¥; and K(¢;;n) = ;. We want to realize that the diagram

f3,1 As f5,3 As fr.5
1/)1f1i %ffﬂl %fsl %ﬁl /
2 94,2 4 96,4 6 98,6 8

commutes at the level of KK-theory. To make the part

fai- f2i
Agi1 —2s Ay —2 > Ay
N
Boi —2 > Bay.

commute at the level of KK-theory it sufficies to prove that it does when Asg;_1, Ag;,
and B;+1 are building blocks, cf. remark 2.9. If both Ag;_; and Ag; are dimension
drop algebras, then the desired follows from lemma 6.9. Elsewise if e.g. Ag;_1 is a circle
algebra then K, (As;_1) is free and the desired follows from the injectivity stated in 6.2.
Similarly one sees that the part

fait1
Agit1 Adita
@T l%‘ﬂ
g2i g2i+1
Bo; Bait1 B2
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commutes at the level of KK-theory.
By theorem 3.12 we get an isomorphism «: A — B that satisfy

[ foo2i-1] = [goo2i®ifoi1] and [0 geoai] = [foo2is19ig2:]
and thereby in particular
K(o; n) K(foo2i-131) = K(goo,2i3 1) Vi K(f2i-15n) = PK(foo,2i-157)
from which K(o;n) = @ follows. Q@

The following lemma was needed in the proof of 6.8.

Lemma 6.9 Consider maps
AN L
2
where A is a building block. If ntorimKi(¢) = 0 and K(¢1;n) = K(¢2;n), then
[th1p] = [tay] as elements of KK(IY, A).

Proof. Since K, (¢1) = K. (12), we only need prove Ko(¢1¢;Z/m) = Ko(tap; Z/m) to
obtain first K(¢1¢;m) = K(¢2¢; m) and then by the injectivity stated in 6.3 or 6.4 that
1] = [12yp]. Now, either A is a dimension drop algebra I}* or A is the circle algebra
C(S1), and we handle the two cases separately; they are however quite similar.

Assume firstly that A = I}*. According to 6.3, and as K, (1) = K, (¢2), there exist
di,do € Z and z,y € Z with 0 < d; < k and such that

wwir) = o, T m) + (T 1)

for any r > 2. As for a fixed r, the number d; is unique modulo (k, ), we conclude since
K(¢1;n) = K(¢9;n) that (k,n) | dy — da. Write di — do = a(k,n). By 6.3 again, we get
z,w,e € Z with 0 < e < m and satisfying

0 -1 1
K(()O; T) = (27 ( me mw) +d; ( ) ,U})

for all » > 2. As ntorimK;(¢) = 0 and Ky(I}) = Z/k, we notice that k | nw whereof
one may conclude that & | (k,n)w. By matrix multiplication we see that

Tz 0 mw, (—1 1
Kot/ = (o, Zop ) + (e a7 (7] )

for all » > 2. Now,

g ()

so we conclude that m | (e +d1™*) — (e +d2™*) hence Ko(¢10;Z/m) = Ko(¢2p; Z/m).
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Assume secondly that A = C(S'). According to 6.4, and as K. (11) = Ki(32), there
exist di,ds € Z and x € Z with 0 < d; < k and such that

K(i;r) = (z, (& 0)+d; (-1 1),0)

for any r > 2. Again we conclude as K(¢1;n) = K(¢2;n) that (k,n) | di — da. As before
we have by 6.3 that

z 0 -1 1
K(va 7") - (27 <Z _ % n}gw> + d’L <_1 1> aw)

for all » > 2, and we recall that &k | (k,n)w. By matrix multiplication we see that
mw
Ko(tigs Z/r) = (zz 0) + (ex +di——) (-1 1)

for all r > 2, and as before we may conclude that m | (e + d1 ") — (e + d2™*) hence
Ko(v1;Z/m) = Ko(thasp; Z/m). ©

Remark 6.10 In [Eil95, 6.3.2] it is shown that the invariant K(—; co), mentioned in 4.14,
is strongly complete for the class of real rank zero AD algebras, with no limitations on
tor Ki(—). The strategy of proof is quite similar to that of the completeness of K(—;n);
namely that a lifting result like 6.7 is established and used to make an isomorphism of
K(A;00) and K(B;00) into a KK-shape equivalence of A and B. As with 6.7 and 6.8,
there is a lot of technical work in it, however.
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7 Exploiting a range result for the invariant

A range result for an invariant F' is a description of exactly which objects that occur
as F(A) for some A. Or rather, this is a range result for the objects, as one may also
ask e.g. which automorphisms that occur as F(«) when a: A — A runs through the
automorphisms of A.

Now, in [ET] such a range result for the objects was made for the invariant K(—;n)
(with the scale ¥(—) omitted) and the class of real rank zero AD algebras, and in this
section we will see how one directly from this range result can conclude that the invariant
may be reduced if one adds some restrictions to the AD algebras, for example requires
them to be simple. It is also mentioned how one may use the range result to prove
irreducibility of the invariant.

Most importantly, in a way, we will investigate how the invariant carries more infor-
mation than ordinary K-theory does. Because, as we will see, our invariant splits, so
Ko(—;Z/n) as a group is determined by the graded group K, (—).

7.1 The range result

To just phrase the range result, we will be needing some terminology on ordered abelian
groups from [Goo86] and [ET]. It will be introduced right after the theorem has been
stated. We will not prove the theorem but merely import it. However, the entire section
will rely on it.

By comparing the theorem to 6.8, one gets a bijection between real rank zero AD alge-
bras A with ntorK;(A) = 0 and so-called n-coefficient complexes G with ntor G; = 0.
Thus, we now have a completely algebraic description of the class of real rank zero AD
algebras with bounded torsion in Kj(—).

Theorem 7.1 |[ET, 5.4] Up to isomorphism, the n-coeffiecient complexes are exactly
those that arise as K(A;n) (with the scale ¥(A) omitted) where A is a real rank zero
AD algebra.

Firstly, recall that an ordered group G is said to be unperforated if for all x € G and
n € N, nx > 0 implies > 0. Only torsion-free groups are unperforated. The group is
called weakly unperforated if it just satisfies the following two conditions: for all x € G
and n € N, nx > 0 implies that there exists t € G[n] such that = + ¢ > 0; and, for all
r€ G, neNandt € torG, nz+t > 0 implies z+t > 0. Here G[n] = {g € G | ng = 0}.

Notice that the latter condition is automatically satisfied if the group is a direct sum
G = Go @ G of ordered groups where the first group Gy is torsion-free and where the
first group Gy dominates the order of G in the sense that (z,y; + y2) > 0 whenever
(z,y1), (x,y2) > 0. We will refer to such an ordered group Gop @ G where Gy dominates
the order as a graded ordered group — not to be confused with an ordered graded group.
Clearly we obtain Gy as an ordered group when we restrict the order of Go® Gy to Go®O0,
and we will often do so.

When considering an ordered group G we define an order on G @ G, making it into a
graded ordered group, by saying that (z1,22) > 0 when x; > 0 and 29 € {x € G| In €
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N: —nx; <a <nzi}. The subset {x € G| In € N: —nz; < x < nxy} is known as the
order ideal generated by x1. Also, a surjective group homomorphism ¢: G — H from an
ordered group G induces the quotient order from G on H by HT = ¢o(G™).

The Riesz interpolation property is that for any x1, 2, y1,y2 € G that satisfy z1+x9 =
y1 + Y2, one can find z;; € Gt such that x; = zj1 + 2 and Yj = 215 + 225

Definition 7.2 An n-coefficient complex G is an exact sequence

Go—">Go—">a, L~y

of abelian groups where
e G, is a Z/n-module,

e Go® Gy and Gy @ G, are graded ordered groups that restrict to the same order on
GOv

G @ G has the Riesz interpolation property,

e (5p is unperforated and Gy @ G is weakly unperforated,

G @ im p has the quotient order comming from Gy @ Gy,

G @ im [ has the quotient order comming from Gy & G,,.

We consider two such n-coefficient complexes G and H isomorphic if there exist group
isomorphisms g, ¢ and ¢ making the following diagram commutative

Go—L=Gn 2>y

N
Hy "~ H, "~ H,

and which satisfy that g @ ¢ and pg @ @1 are order isomorphism, i.e. are positive and
have positive inverses.

Remark 7.3 One can of course define a category of n-coefficient complexes where the
morphisms are triplets (¢o, ¢, ¢1) making the above diagram commutative satisfying that
o @ and g P 1 are positive. This category seems a bit weird and one probably ought
to explore it thoroughly. For instance, if the map g @ 1 is an order isomorphism and
o P p is positive, then automatically the map g @ @ is in fact an order isomorphism.

7.2 n-coefficient complexes always split

As we will see, any n-coeffiecient complex splits, a fact that will come most useful to us.
To prove it, we will need to perform a certain amount of group theory. More precisely, we
will be needing the following result whose proof is taken from |Fuc70, 27.5]. Recall that a
subgroup H of an abelian group G is called pure in G if nGNH = nH holds for all n € N.
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A standard example of a pure subgroup is a direct summand. One easily verifies that
being a pure subgroup is a transitive property; and when considering a homomorphism
¢: G1 — G, one can show that if H is pure in G1 and H 2O ker ¢, then ¢(H) is pure in
im .

Proposition 7.4 If H is a bounded pure subgroup of the group G, then H is a direct
summand in G.

Proof. As H is bounded, {|h| | h € H} is bounded, and we may hence prove the claim
by complete induction over max{|h| | h € H}. Since H is a torsion-group it is the direct
sum of its p-components H, = {h € H | |h| = p*}, p running through the prime numbers,
cf. [Fuc70, 8.4]; and as H is bounded the p-components are direct sums of cyclic groups
7/p* and there is a maximal order ¢’ of the elements of the p-components, cf. [Fuc70,
17.2]. Let H; denote the direct sum of those summands in H, that are isomorphic
to Z/ ¢', and let K denote the sum of the rest of the summands along with the other
p-components so that H = Hy & K and max{|k| | k € K} < max{|h| | h € H}.

Clearly H; is pure in H, hence Hj is also pure in G as H is pure in G. As Hj is pure
in G and is the direct sum of cyclic groups Z/q', it follows from lemma 7.5 that H; is a
direct summand in G. Write G = H; & GG;.

Consider G — (7 the projection to the second coordinate. Under this map, H is
mapped to K1 = HNG1 as H D Hy. So as H is pure in G and contains the kernel Hq,
K is pure in G1. And one sees that H = H; & K;. Since H1 & K = H; & K1, K and
K are isomorphic as the direct sums are inner. Hence max{|k| | K € K1} = max{|k| |
k € K} < max{|h| | h € H}, and by the induction hypothesis we conclude that K; is a
direct summand in G1. Since H = H1 ® K7 and G = Hy, & (G1, we conclude that H is a
direct summand in G. Q

To prove the lemma from [Fuc70, 9.8-9&27.1], needed in the above proof, we will
be needing the concept of an H-high subgroup of G, H itself denoting a subgroup of
G. An H-high subgroup is the most obvious candidate for a subgroup K that satisfies
G = HPK. 1t is defined as a subgroup K of GG that intersects H trivially and is maximal
in the sense that if K < K’ < G then K'NH # 0. Zorn’s lemma ensures us that H-high
subgroups always exist.

Lemma 7.5 Let H be a direct sum of cyclic groups Z/p™ where p is a prime number. If
H is a pure subgroup in G then H is in fact a direct summand in G.

Proof. As H is pure in G, p"GNH = p"H = 0, so by standard use of Zorn’s lemma, one
can find an H-high subgroup K that contains p"G. We want to prove that G/(H & K)
is trivial, and we do this by showing that it is both a torsion-group and torsion-free.

First we notice that G/(H @ K) is a torsion-group. Let ¢ € G and assume that
g¢ H® K. Since g ¢ K, Zg+ K > K, hence (Zg+ K) N H # 0. lLe. there is some
h € H such that h # 0 and h € Zg + K; write h =lg+ k. Since HNK =0, 1 # 0; so as
lg=h—ke H® K, g+ (H ® K) is a torsion element.

Now we notice that G/(H @ K) is torsion-free. To see this, we prove that for all
prime numbers ¢, qg € H & K implies g € H & K for any ¢ € G. This might take
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awhile. Write qg = h+ k. If ¢ # p, then we have since H = @Z/p™ an i/ € H
such that ph’ = h. If ¢ = p, we get since p"g = p"~'h = p"~'g and p"G < K that
p" lhe HNK =0,s0 as H = @Z/p"™ there is some h' € H such that ph/ = h. Now,
qg = qh' + k hence ¢(g — h') € K. We will see that this implies that g — h' € H & K,
whereby g € H @ K follows. Assume that g — k' ¢ K. Then since Z(g — h') + K > K,
we have (Z(g—h')+ K)NH # 0 and can find some nonzero h” € H that may be written
R =1(g—h')+ k. Here (I,q) = 1 as elsewise ¢ | | whereof [(g — k') € K and then
h" € K follows but b’ # 0 and HNK = 0. Write 1 = n1l + naq as (I, q) = 1, and realise
that now g — b/ = (n1l + n2q)(g — 1) = mh” — ik’ + naq(g — 1) € H ® K. V)

Observation 7.6 Let D denote an H-high subgroup in G. Then (H@&D)/D is an essential
subgroup in G/D, and the short-exact sequence

h—h+D g+D—g+(H®D)

0 H G/D

G/(H®D)—0
splits if and only if G = H ¢ D.
Corollary 7.7 Considering any n-coefficient complex G, the short-exact sequence

z+nGo—p(x) ﬁ‘Gl[”]

0 Go/n Gy Gi[n]

0
splits.

Proof. Clearly nimp = 0 as e.g. nG, = 0, hence im p is bounded, so we need only to
show that im p is pure in G, to conclude by 7.4 that imp is a direct summand in G,
whereby it follows that the sequence splits.

Let m € N and let us show that mG, Nimp C mimp. Let x € G, and assume
that ma € im p. Write maz = p(y) for some y € Gy, and write (n,m) = an + bm with
a,b € Z. As nx =0, we see that (n,m)z = bmx = p(by), hence ﬁby € ker p = nGo.
Now, write ﬁby = ny’ for some 3’ € Gy, and notice as tor Gyp = 0 that this implies
that by = (n,m)y’. Clearly, mz = %(n,m)x = %p(by) = mp(y') € mimp, as
desired. Y%

Remark 7.8 That Ko(A;Z/n) and Ko(A)/n @& Ki(A)[n] are isomorphic as groups, was
already known by the (unnatural) splitting of the UCT (2.11):

KK(I,, A) = Ext'(Z/n, Ko(A)) ® Hom(Z/n, K1 (A)) = Ko(A) /n ® K1 (A)[n]

as K« (I,,) = 0BZ/n. And now, by 7.7 and 7.1, we conclude furthermore that the complex
K(A;n) splits for all real rank zero AD algebras A. A result one could also have obtained
by studying [B6d79] and |[B6d80], however. One may then ask how K, (A), none the less,
carries less information than K(A;n) does. The answer is that such a splitting doesn’t
always respect the orders on Ko(A;Z @ Z/n) and K, (A).
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Observation 7.9 When considering a graded ordered group Gog @ G1 where G is unper-
forated and Gy @ G, is weakly unperforated and has the Riesz interpolation property,
one can always construct an n-coefficient complex

GQHGo/n@Gl[TL] 4>G1

simply by considering the canonical splitting maps « — (z +nGp,0) and (z,y) — y, and
by equipping Go & (Go/n & G1[n]) with the following order: (x1,z2 +nGo,y) > 0 when
(x1,22 + nGp) > 0 and (x1,y) > 0, the order on Gy @ Go/n being the quotient order
inherited from Gy ® Gp.

We will be using this constructing quite a bit, so unless otherwise specified Go/n®G1[n|
is implicitly equipped with the order defined above.

Definition 7.10 Given an n-coefficient complex G, a splitting map o: Gi[n] — G, is
called positive if the map id @o: Gy ® G1[n] — Gy ® G, is positive.

The following lemma tells us exactly when the graded ordered group Go @© G of a
given n-coefficient complex G only occurs in one n-coefficient complex.

Lemma 7.11 When considering an n-coefficient complex G and a splitting

z+nGo—p(x)

B/G11n)
0 Go/n —

0,

g

and then defining a map ¢: Go/n & Gi[n] — G, as (z,y) — p(x) + o(y), then id By is
an order isomorphism exactly when the splitting map o is positive.

Proof. Consider the diagram

G(] 4n>G0 —>G0/n@G1[n] 4>G1 4”>G1

o

Go —— Gy e Gn G1 ——= G,

notice that it is constructed to commute, and realise that it then follows from the Five
Lemma that ¢ is bijective.

If id ®¢p is an order isomorphism, it is especially positive. Hence, when (x,y) > 0 one
gets as (x,nGop,y) > 0 that (x,0(y)) = (z, p(nGo,y)) > 0, i.e. id B0 is positive.

On the other hand, assume that id @0 is positive. If (x1,22 = nGo,y) > 0, then by
definition (x1,x2 +nGo) > 0 and (z1,y) > 0, hence (z1, p(z2)) > 0 as G @ im p has the
quotient order and (z1,0(y)) > 0 as id @0 is positive. As Go@G,, is a graded orded group,
we may conclude that (z1, p(z2+nGo,y)) = (z1, p(z2) +0o(y)) > 0, i.e. id Dy is positive.
If on the other hand (z1, ¢(x2+nGo,y)) > 0, then (x1,y) = (z1, Bp(z2+nGo,y)) > 0 as
Go @ im 8 has the quotient order. As id @o is positive we get that (x1,0(y)) > 0, so as
(x1, p(x2) + 0(y)) = (z1, (2 + nGo,y)) > 0 and as G & Gy, is a graded ordered group
we get that also (z1, p(x2)) > 0, hence (z1, 2 + nGpy) > 0 as Gy @ im p has the quotient
order. Le. (1,72 +nGo,y) > 0 as desired, hence we may conclude that also (id ©¢)~*
is positive. Q

49



7.3 Reduction results

It was shown in [Eil97] that the reduced invariant (K.(—),Ki.(—)",2(—)) is strongly
complete for the class of real rank zero AD algebras with finitely many ideals. The
strategy of proof is to construct a splitting of K(A;00) that respects the ideals of A in
such a way that the splitting map is positive.

We try to copy this, but do so on the level of n-coefficient complexes, heavily relying
on the range result 7.1, thus making some shortcuts.

Observation 7.12 Consider two AD algebras A and B with isomorphic ordered K-
groups, and denote the isomorphism (¢o,p1): Ki(4) — Ki(B). Consider the two n-
coefficient complexes K(A;n) and K(B;n) and assume that for each of them one can
find positive splitting maps. By considering the from the construction of 7.11 arrising
diagram

Ko(A)

Ko(B)

and noticing that by construction the map Ko(A4)/n @ K1(A)[n] — Ko(B)/n & K1(B)[n]
is an order-isomorphism, one sees that the isomorphism between K,(A) and K, (B) can
be expanded to an isomorphism between K(A;n) and K(B;n), as a consequence of 7.11.

Ergo, the invariant K(A;n) carries more information about A than the invariant
(Ki(A),K*(A)T,X(A)) does exactly when the n-coefficient complex K(A4;n) doesn’t
permit a positive splitting.

Observation 7.13 Consider an n-coefficient complex G and assume that Gy is torsion-
free. As G1[n] =0, B =0 and the map o = 0 is a positive splitting of G, and id ®p is an
order-isomorphism between G & Gy/n and Go ® G,,.

Now consider two real rank zero AD algebras A and B with K;(A) and K;(B) being
torsion-free, and assume that a positive isomorphism (g, p1): Ki(A) — K. (B) (with
vo(X(A)) = X(B)) is given. As (o, po D1, ¢1): K(A;2) — K(B;2) is an isomorphism,
we can by 6.8 find an isomorphism «: A — B such that K(«;2) = (90, 0 ® ¢1,%1), in
particular Ki(a) = (g, p1). Le., we see that the invariant (K. (—),Ki«(=)",X(-)) is
strongly complete for the class of real rank zero AD algebras with torsion-free K;(—).
Recall that the AT algebras have torsion-free K;i(—) as K(C(S')) = Z is torsion-free;
thus the AT algebras are classified by ordered K-theory.
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To describe how the ideal structure of a real rank zero AD algebra A affects the order
structure of Ko(A), we need the notion of order-ideals.

An order-ideal I in an ordered group (G,G") is a subgroup I of G satisfying that
I = 1" —1TI" (where I™ = I NG") and having the hereditary property that if g € G
satisfy 0 < g < i for some ¢ € I, then g € I. Being an order-ideal is a transitive property,
i.e. if I is an order-ideal in Is and Is is an order-ideal in GG, then I is an order-ideal in

G.

Example 7.14 Consider an ordered group (G,G") and € G*. Then I(z) = {2’ € G |
dn € N: —nz < 2/ < nz} is the ordered ideal generated by x, i.e. the smallest order
ideal containing z. One readily checks that I(z) is an order ideal containing z. To see
that I(z) is the smallest such, we consider another order ideal I containing z. Given
x' € I(x) we can write —nz < 2’ < na for some n € N, hence 0 < 2/ + nz < 2nx, so as
2nx € I, ' + nx € I, hence 2’ € I follows as nx € I.

When the C*-algebra A is o-unital and of real rank zero and stable rank one, then,
according to [Zha90, 2.3|, there is an order-isomorphism between the lattice of ideals of
A and the lattice of order-ideals in Ko(A), given by I — im Kg(¢) where ¢: I — A is the
inclusion map.

Remark 7.15 The invariant considered in [ET| carries another order on the groups
Ko(A;Z®7Z/n) and K, (A) than the ones defined in 4.4 and 4.1, namely the ones defined
as follows: an element (x,y) € K,(A) is positive exactly when > 0 and y € im K (¢)
where ¢: I — A is the inclusion of the unique ideal I of A that satisfy imKg(:) = I(z),
and similarly (z,2) € Ko(A;Z @ Z/n) is positive when z € imKo(¢; Z & Z/n).

According to [EE03], the ideal-basered ordering and the ordering defined in 4.4 and 4.1
coincide when A has real rank zero and stable rank one. And it was shown in [DE98, 5]
that when considering real rank zero AD algebras A and B, then a morphism (¢g, ¢, ¥1)
from the complex K(A;n) to the complex K(B; N) is positive with respect to the ideal-
based orders exactly when it is positive with respect to the orders defined in 4.4 and 4.1.
Ergo, the invariant of [ET] is not the same as the one from the previous sections, but it
is complete because the invariant of the previous sections is.

Proposition 7.16 Consider an n-coefficient complex G. If G¢ has no nontrivial order-
ideals, then there exists a positive splitting of G.

Proof. According to 7.7 at least one splitting map o exists. And we now show that any
such splitting map o will be positive: Let (z,y) € Go® G1[n| and assume that (x,y) > 0.
If z =0 then y = 0 as (z,y) then is a positive torsion-element, and (x,o(y)) > 0 is then
obvious. If z > 0 we have to put a tiny bit of efford into it. We know since (z,y) > 0 and
since G @ im 3 has the quotient order arrising from Go ® G, that we can find z € G,
such that (z,z) > 0 and (z) = y. Then, o(y) — z € ker 3 = im p, hence we can find
w € Go such that p(w) = o(y) — 2. As Gy has no nontrivial order-ideals, Gop & G has
the strict order arrising from G, hence (z,w) > 0 as « > 0, and therefore (z, p(w)) > 0.
Therefore (z,0(y)) = (z,z + p(w)) > 0 as (z,2z) > 0 and (z, p(w)) > 0 and as Gy & G,
is a graded ordered group. Q

ol



Lemma 7.17 Let G be an n-coefficient complex and let Iy denote an order-ideal of Gj.
Then the subcomplex

plin Bl
Ip—2slp—2sp, e "o

where
In={2€Gy|3xely:(x,2) >0}, L={yeGi|3xel: (x,y) >0},
is an n-coefficient complex.

Proof. First of all we have to verify that the complex is well-defined, i.e. that I,, and I;
are groups and that p(ly) C I, and (I,) € I. As Gy ® G,, and Gy ® G, are graded
ordered groups, I, and I; are groups, and one easily checks that Iy @ I,, and Iy @ I are
ordered groups as Iy is. Given x € Iy, then clearly (z,z) > 0 as x € I(z), so as id @®p is
positive, (z, p(z)) > 0, hence p(x) € I, as = € Iy. And given z € I,,, we take an x € I
such that (z,z) > 0, and as id &[5 is positive, we see that (x, 3(z)) > 0, hence 3(z) € I
as x € Ip.

As for exactness in Iy, we see that ker(p|§§) = ker pN Iy = nGy N Iy = nly where the
last equality follows from the fact that Iy is an order-ideal in Gg: given g € Gy satisfying
ng € Iy we may write ng = i1 — 19 with 41,49 € IJ, so as ng < i1 < ni; we see that
nh > 0 where h = i1 — g, ergo h > 0 as Gy is unperforated, and h € Iy follows as Iy is
an order-ideal in Gy, ergo g =41 — h € I.

Similarly, we obtain exactness in I,, by seeing that ker(ﬁﬂi) =kergNI, =impnlI, =
p(Io) where the nontrivial part of the last equality is obtained as follows: given z € Gy
such that p(z) € I, we get by definition of I, a 2’ € Iy such that (2/, p(x)) > 0, and
as G @ im p has the quotient order arrising from id ®p, we find a 2”7 € Gy such that
(', 2") > 0 and p(2”) = p(x); as (2/,2") > 0, we see that 2" € I(z') where I(2') C Iy as
x’ € Iy, hence p(x) = p(z”) € p(Ip).

Finally, exactness in I; is obtained as I1[n] = Gi[n] N I[; = im NI} = [(I,) where
the nontrivial part of the last equality is obtained as follows: given z € G, such that
B(z) € I, we take a = € Iy such that (x,5(2)) > 0, and as Go @ im  has the quotient
order from id @8 we get a 2’ € G, such that (z,2’) > 0 and 5(2') = 5(2), and we see
that 2’ € I, as (z,2") > 0 and conclude that 8(z) = B(2') € 5(I,,).

Now, Iy @ I, and Iy ® I are graded ordered groups as they are subgroups of such, and
they restrict to the same order on Iy as Go & G, and Gy @ (1 restrict to the same order
on Gy.

Notice that Iy & I is an order-ideal in Gy @ G: given (z,y) € Gy ® Gy and (2/,y') €
Iy @ Ih such that 0 < (z,y) < (¢/, '), we have in particular that 0 < x < 2/, hence = € I
as Iy is an order-ideal in Gy, and then y € I; follows as (z,y) > 0, ergo (x,y) € Iy ® 1.
Using this, we see that I @ I; has the Riesz interpolation property as Go & G has: given
zi,y; € (Lo @ )T that satisfy 1 + 2 = y1 + y2 we get z;; € (Go @ G1)" such that
Ti = 21 + 22 and Yj = 215 + 225, and as 0 < Zij < @ and x; € Iy @ 14, Zij € Iy L
holds.
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Clearly, Iy is unperforated as Gg is. And, we see that Iy @ I; is weakly unperforated
as Go @ Gy is: if (z,y) € Iy @ I satisfy m(z,y) > 0, we use that Gy ® G; is weakly
unperforated to find a t € G1[m] such that (z,y+t) >0, so as x € Iy we get y+t € I,
hence ¢t € I;[m] holds.

Finally, we check that Ip @ p(Iy) and Iy @ ((I,,) has the quotient orders arrising from
id@p resp. id®F. As id®p and id @S are positive, we need only check that positive
elements may be lifted to positive elements. Given (z,z) € Iy @ p(Iy) with (z,z) > 0,
we can find a 2’ € Gy such that (z,2") > 0 and p(z’) = 2z, and as (z,2’) > 0 we see
that 2’ € I(z) where I(z) C Iy as © € Iy, hence 2’ € Iy as desired. Similarly, given
(x,y) € 1o ® B(I,) with (x,y) > 0, we take a z € G,, with (z,2) > 0 and 3(z) = y, and
notice that z € I,, as = € I. Q

Lemma 7.18 Consider an n-coefficient complex G and an order-ideal Iy in Gy, and define
I,={z€Gy,|Fzely: (z,z) >0}
as in 7.17. Then there exist subgroups D’ and D of Gy satisfying
L,=ply)®D', G,=imp®dD, D CD.

Proof. By 7.7 we can find a subgroup D’ C I, satisfying p(ly) ® D' = I,,. AsimpnI, =
p(Iy), D'Nimp = 0 and we can therefore find an im p-high subgroup D of G,, that
contains D’. As G, as well as its subgroups, is the direct sum of its p-components,
it suffices to show that G, = imp & D holds when G, is a p-group. When pG, = 0
this follows from 7.6 as all Z/p-modules are free and all short-exact sequences over Z/p
therefore splits. The general case p™G,, = 0 is then done by induction over m. Q

Proposition 7.19 Consider an n-coefficient complex G. If G has exactly one nontrivial
order-ideal, then there exists a positive splitting of G.

Proof. Let Iy denote the nontrivial order-ideal of Gy, and define
I,={2z€G,|3xecly:(x,2) >0}, L ={yeG|Irel: (z,y) >0}
and let I denote the resulting n-coefficient complex

plin B!
Ip—">Ty—2sl,— s —" T

asin 7.17. By 7.18 there exist splitting maps ¢’ and o that makes also the dotted squares
in the diagram

0 p(1o) In<4/>11[n] — =0
0 im P Gn <o G1 [n] 0
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commute, the vertical maps being the inclusions. As a nontrivial order-ideal in I
would be a nontrivial order-ideal in Gy other than Iy, Iy has no nontrivial order-ideals,
hence 7.16 assures us that the splitting map o’ is positive.

We can now show that the splitting map o is positive. Let (x,y) € Gy @ G1[n] and
assume that (z,y) > 0. If z € Iy, then y € I per definition of I, hence (z,0(y)) =
(2,0'(y)) > 0.

If x ¢ Iy then I(x) = Gy, so (z,2') > 0 holds for any 2’/ € Gy. As (z,y) > 0, we can
find a z € G, satisfying (z,z) > 0 and B(z) =y. As o(y) — z € ker § = im p, we can find
2’ € Gy satistying o(y) = z + p(2'). As (z,2") > 0, (x,p(z)) > 0, so as (x,z) > 0 and
Go @ Gy, is a graded ordered group, (z,0(y)) > 0 follows. Q@

Corollary 7.20 The invariant (K.(—),K.(=)",X(—)) consisting of ordered K.(—) to-
gether with the scale ¥(—) is a strongly complete invariant for the class of real rank zero
AD algebras that have bounded torsion in K;(—) and have atmost one nontrivial ideal.

Proof. As all AD algebras have stable rank one, a real rank zero AD algebra A has atmost
one nontrivial ideal exactly when Ko(A) has atmost one nontrivial order-ideal. Given real
rank zero AD algebras A and B with bounded torsion in K;(A) and K;(B) and a scale-
and order-isomorphism (g, ¢1) from K,(A4) to K.(B), the existence of an isomorphism
a: A — B satisfying K.(a) = (¢0, ¢1) follows from 7.16 and 7.19 by considering an n
suffieciently large to kill the torsion in K;(A) and K;(B) and then combining 6.8 and
7.12, as in 7.13. V)

Remark 7.21 The article [ET| also contains a range result for the invariant K(—;00).
It seems possible, by the exact same methods as above, to use this range result instead,
together with the strong completeness of K(—; 00), to get rid of the condition on tor K;(—)
in 7.20.

7.4 lrreducibility of K(—;n)

In |Eil95] and |[DE99|, examples are constructed to show that the invariant K(—;n)
cannot be reduced.

For instance, to show necessity of the Bockstein map (3, in [DE99], nonisomorphic real
rank zero AD algebras A and B are constructed such that ntorK;(A) = 0 and such
that there exist isomorphisms po: Ko(A) — Ko(B), ¢: Ko(4;Z/n) — Ko(B;Z/n) and
v1: Ki(A) — K (B) satisfying that the diagram

A
Pn

Ko(A) —2 Ko(4; Z/n)

|+ Joo

pB

Ko(B) "~ Ko(B; Z/n)

commutes and that ¢g ® ¢ and g & ¢ are order-isomorphisms.
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It must be possible to show irreducibility of the invariant via the range result 7.1.
To show necessity of the Bockstein map (,, for instance, it will suffice to construct an
n-coefficient complex G that omits a map 3': G, — G; that makes

GO n GO P B n

G
an n-coefficient complex G’ and doesn’t admit an isomorphism (g, ¢, p1) between G

and G'. Because then by 7.1, real rank zero AD algebras A and B with K(4;n) = G
and K(B;n) = G’ exist.
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Addendum

There was a slight error in the proof of lemma 7.18. A corrected proof here follows.

Observation 7.22 For any n, Z/n is an injective Z/n-module. To see this, we use Baer’s
criterion, so let a be an ideal in Z/n and let ¢: a — Z/n be some homomorphism. By
Noether’s isomorphisms a = m(Z/n) for some m dividing n. As Zp(m) = 0, it follows

. e(m)
that m divides ¢(m) and we may therefore expand ¢ to a map Z/n — Z/n by 1 +— ==,
As the ring Z/n is Noetherian, we have now shown that Z/n is quasi-Frobenius.

The following proof is inspired by [Fox04, 18.23 & 20.16 & 20.18].
Lemma 7.23 Given a torsion-free group G, G/n is an injective Z/n-module.

Proof. We may identify G /n with Z/n ® G. As we use Baer’s criterion, we let an ideal a
in Z/n be given and let ¢: a — Z/n denote its embedding into Z/n, and desire to proof
surjectivity of Hom(¢, Z/n ® G).

Define functors S and T by S = Hom(—,Z/n ® G) and T'= Hom(—,Z/n) ® G, and
notice that we have a natural transformation ©: T' — S defined on a group A by

04: T(A) — S(A)
pRg—(ampla)®g)
and satisfying that ©Z/™ is an isomomorphism.

By Noether’s isomorphisms a = m(Z/n) for some m dividing n, so we may consider
the following presentation of a

3z

Z/n Z/n—"+a 0

and by applying the functors S and 7" we obtain the following commuting diagram

S(Z/n) ~— S(Z/n) S(a) 0
%T@Z/n %T@Z/n T@“
T(Z/n) ~— T(Z/n) T(a) 0

where the top row is exact as the functor S is left-exact, while the bottom row is exact
as T is an exact functor of Z/n-modules since Hom(—,Z/n) by 7.22 is an exact functor
of Z/n-modules and — ® G is an exact functor of Z-modules. By applying Five Lemma
we obtain that @% is an isomorphism.

As T is an exact functor of Z/n-modules, T'(:) is surjective, hence S(1) = ©°T'(+)(©%)~!
is also surjective, as desired. Q

Corollary 7.24 For any n-coefficient complex G, im p is an injective Z/n-module.
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Remark 7.25 Any Z-homomorphism between Z/n-modules is a Z/n-homomorphism,
and any Z/n-homomorphism is a Z-homomorphism. As G, is a Z/n-module for any
n-coefficient complex G, if follows immediately from 7.24 that n-coefficient complexes
split. Hence, the hard work that was done to establish 7.7 has been a waste of time.

Lemma 7.18 Consider an n-coefficient complex G and an order-ideal Iy in Gy, and define
I,={z€Gy,|3xely: (z,z) >0}
as in 7.17. Then there exist subgroups D’ and D of Gy satisfying
L,=ply)® D', G,=imp& D, D CD.

Proof. By 7.17 and 7.7 we can find a subgroup D’ C I, satisfying p(Ip) & D' = I,,. As
im pN 1, = p(ly), D'Nim p = 0 and we can therefore find an im p-high subgroup D of G,
that contains D’. As im p by 7.24 is an injective Z/n-module, any short-exact sequence
of Z/n-modules with im p appearing as the left-most module will split. Hence it follows
from 7.6 that imp @& D = G,,. Q@
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